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Abstract 

For a split Kac-Moody group G over an ultrametric field K, S. Gaussent and the 
author defined an ordered affine hovel on which the group acts; it generalizes the Bruhat- 
Tits building which corresponds to the case when G is reductive. This construction was 
generalized by C. Charignon to the almost split case when K is a local field. We explain 
here these constructions with more details and prove many new properties e.g. that the 
hovel of an almost split Kac-Moody group is an ordered affine hovel, as defined in a 
previous article. 
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Introduction 

Split Kac-Moody groups over ultrametric local fields were first studied by H. Garland in the 
case of loop groups )G95| . In |Ro06| we constructed a "microaffme" building for every split 
Kac-Moody group over a field K endowed with a non trivial real valuation. It is a (non 
discrete) building with the good usual properties, but it looks not like a Bruhat-Tits building, 
rather like the border of this building in its Satake (or polyhedral) compactification. 

A more direct generalization of the Bruhat-Tits construction was made by S. Gaussent 
and the author, in the case where the residue field of K contains C |GR08| . This enabled us 
to deduce interesting consequences in representation theory. In |Rol2| the restriction about 
the residue field was removed. So, for a split Kac-Moody group G over K, one can build 
an hovel J? on which G acts. As for the Bruhat-Tits building, ,y is covered by apartments 
corresponding to split maximal tori; but it is no longer true that any two points are in a 
same apartment (this corresponds to the fact that the Cartan decomposition fails in G). This 
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is the reason why the word "building" was changed to "hovel". Nevertheless this hovel has 
interesting properties: it is an ordered affine hovel as defined in |Roll| , As a consequence 
the residues in each point of J? are twin buildings, there exist on / a preorder invariant by 
G and, at infinity, we get twin buildings and two microaffine buildings. These are the twin 
buildings of G introduced by B. Remy |Re02j and the microaffine buildings of |Roll| . 

Cyril Charignon undertook the construction of hovels for almost split Kac-Moody groups 
|ChlO| . |Chll| . Actually he considered the disjoint union of the hovel and of some hovels 
at infinity called facades. This union is called a bordered hovel, it looks like the Satake 
compactification of a Bruhat-Tits building; in addition to the main hovel it contains the 
microaffine buildings. He elaborates an abstract theory of bordered hovels associated to a 
generating root datum, a valuation and a family of parahoric subgroups. He proves an abstract 
descent theorem and succeeds in using it to build a bordered hovel associated to an almost 
split Kac-Moody group over a field endowed with a discrete valuation and a perfect residue 
field. As a corollary the microaffine buildings are also defined in this situation. 

In this article we give more details about these constructions and improve many results. In 
particular the fixed point theorem in M— buildings proved recently by K. Struyve |S11| enables 
us to prove the existence of bordered hovels in new cases (with a non discrete valuation). 
With these additional details and results it is possible to define spherical Hecke algebras for 
any almost split Kac-Moody group over a local field )GR12| . 

In section [1] we explain the general framework of our study: abstract generating root data, 
their associated twin buildings and split Kac-Moody groups (as defined by J. Tits |T87| ). 

Section [2] is devoted to B. Remy's theory of almost split Kac-Moody groups |Re02| . We 
improve a few results, e.g. on geometric realizations of the associated twin buildings and on 
imaginary relative root groups. 

In section [3] we define the affine apartments associated to a valuation of an abstract root 
datum. We explain the interesting subsets or filters of subsets inside them (facets, sectors, 
chimneys, enclosures,. . . ) and embed them in their bordered apartments. There are several 
possible choices for these apartments, their imaginary roots or walls and for the facades at 
infinity. So this leads to several choices for all these objects and none of them is better in all 
circumstances. 

Section [4] is devoted to Charignon's abstract construction of the bordered hovel associated 
to a good family of parahoric subgroups in a valuated root datum |ChlO| . |Chll| . We select 
two other conditions he considered for parahoric families and a new third one to define what is 
a very good family. Then we are able to generalize abstractly the constructions of |GR08| and 
prove that the abstract hovel we get is an ordered affine hovel in the sense of |Roll| (slightly 
generalized). This involves an enclosure map (cl^ *) which gives (too) small enclosures. 

In section [5] we mix these abstract results and the results of |Rol2| to define the bordered 
hovel of a split Kac-Moody group over a field endowed with a non trivial real valuation. One of 
the problems is to extend the results to general apartments, neither essential as in Charignon's 
or Remy's works, nor associated directly to the group as in )Rol2] , We prove that these 
bordered hovels are functorial, uniquely defined (in the sense that the very good family of 
parahorics is unique) and that their residue twin buildings are associated to a generating root 
datum. 

These results are generalized to almost split Kac-Moody groups in section [6] We explain 
the abstract descent theorem of Charignon (generalizing the analogous theorem of F. Bruhat 
and J. Tits |BrT72| ). To apply it to an almost split Kac-Moody group G, we need the same 
condition as for reductive groups: G is assumed to become quasi split over a finite tamely 
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ramified Galois extension L/K |Ro77| . There is no need for another condition, even for a 
non discrete valuation, as is now clear from Struyve's work |S11| . We explain Charignon's 
results in this almost split case and generalize them to more general apartments. So we get 
a bordered hovel and we prove that the hovel inside it (its main facade) is an ordered afflne 
hovel (in the sense of |Roll| ) with an enclosure map (cl*/ K ) which is better than the one in 
section [4] (but certainly still not the best one). 

1 Root data and split Kac-Moody groups 

Most of the following definitions or results may be found in |Re02| . |Ro06| . |Rollj or |Rol2| . 

1.1 Root generating systems 

1) We consider a Kac-Moody matrix (or generalized Cartan matrix) M = (a* jjij'e/ , with 
rows and columns indexed by a finite set /. Let Q be a free Z— module with basis (aj)j g / and 
Q + = Z>o.ai C Q, Q~ = —Q + . The (vectorial) Weyl group W v associated to M is a 

Coxeter group with generating system the set £ = { Sj | i E 1} of automorphisms of Q defined 
by Sj(ay) = ay — aijoti. The associated system of real roots is $ = {w(ai) \ w € W v ,i € 1} 
|K90| ; it is a real root system (with free basis (aj)iej) in the sense of |MoP89| or |MoP95| . 
see also |Ba96| and |H91| . If a 6 $, then s a = ui.Si.w~ 1 is well defined by a independently 
of the choice of w and i such that a = w(oti). We say that we are in the classical case 
when W v is finite, then M is a Cartan matrix and $ a root system in the sense of |B-Lie] . 
For J C I, M(J) = {a>i,j)ij£j is a Kac-Moody matrix; with obvious notations, Q(J) is a 
submodule of Q and <]? m ( J) = $> Pi Q(J) the root system associated to M( J) , its Weyl group 

is w v {J) = ( Si \ie J). 

2) A root generating system (or RGS) [Ba96] will be (for our purpose) a quadruple 
S = (M, Y, (c~)i£j, (a^)i^i) where M is a Kac-Moody matrix, Y a free Z— module of finite 
rank n, (aj)i g / a family (of simple roots) in its dual X = Y* and (a- 7 )^/ a family (of simple 
coroots) in Y. These data have to satisfy the condition: Oj j = a~{a^). 

The Weyl group W v acts on X (and dually on Y) by Sj(x) = X ~ x( a i') a7 I- 

We say that S is free (resp. adjoint) if (c~)i^l is free in (resp. generates) X. For example 
the minimal adjoint RGS 5m™ = (M, Q*, (aj)igj, (a^ 7 )^/) (with an obvious definition of the 
at() is free and adjoint. 

There is a group homomorphism bar : Q — > X , a h-> a such that 6ar(a,) = c~; it is 
W v — equivariant and bar* : Y — > Q* is a commutative extension of RGS S —> Smtu |Ro12| 
1.1.7]. When S is free, Q is identified with Q = bar(Q) C X. 

For J C I, S{J) = (M(J),y, (ai)ieJ, K V )iej) is also a RGS. 

3) The complex Kac-Moody algebra q$ associated to S is generated by the Cartan subal- 
gebra \)s = Y ®z C and elements (ej, fi)i^l with well known relations |K90j . This Lie algebra 
has a gradation by Q : Qs = §S © (©aeA 0a) where A C Q \ {0} is the root system of gs or 
of M. 

We have fj 5 = (g 5 ) , Ql = Ce, 3 g_ Qi = Cfc and $ C A (as A is VF^-stable). 

If A + = An Q + (resp. A - = — A + ) is the set of positive (resp. negative) roots, then 
A = A~|JA + . We set $ ± = $ n A 1 * 1 = — <I> T . The imaginary roots are the roots in 
A \ $ = A im ; we set A re = $, A ± re = $± and A ± im = A im n A± . 

For J C I, ^^(j) is a Lie subalgebra of Qs and A m ( J) = A n Q(J) a subroot system of A. 
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In the classical case, Qs is a reductive finite dimensional Lie algebra and Aj m = 0. 

1.2 Vectorial apartments 

1) We consider a free RGS S = (M, Y, (aj)j g /, (a- 7 )^/) and the real vector space V = V s = 
Y" (g> M = Homz(X, R). Each element in I or in Q C I induces a linear form on V. A 
vectorial wall in 1/ is the kernel of some a G <3?. The positive (resp. negative) fundamental 
chamber in V is = { v G V \ ai{v) > 0,Vi G 1} (resp. C?i = -C7£). If J C I, let 
Fl(J) = {v G V | ai(u) = 0,V» G J,ai(v) > 0,Vi G J\ J} and_F!(J) = -i^(J), they 
are cones in V. Then the closed positive fundamental chamber is = Ujci" ^+(J) anc ^ 
symmetrically for C^.. 

The Weyl group W v acts faithfully on V, we identify with its image in GL(V). For 
w G VF 1 ' and J C I, wF+(J) (resp. wF^(J)) is called a positive (resp. negative) vectorial facet 
of type J. The fixator or stabilizer of F±{J) is W V (J); if this group is finite we say that J or 
wF±(J) is spherical. These positive facets are disjoint and their union 7+ is a cone: the Tits 
cone. The inclusion in the closure gives an order relation on these facets. The star of a facet 
F v is the set F v * of all facets F% such that F v C Ff. 

The properties of the action of W v on the set of positive facets allows one to identify this 
poset (or to be short 7+) with the Coxeter complex of (W V ,T,). The interior of 7+ is the 
union of its spherical facets. The symmetric results for 71 = —7+ are also true. 

We call A'° = 7+ U 71 the vectorial fundamental twin apartment associated to S and set 
A^ = V (vector space generated by A v ). A generic subspace of A v is an intersection of A v with 
a vector subspace of A which meets the interior of A"; for example a wall is a generic subspace. 
An half- apartment in A" is the intersection with A" of one of the two closed half-spaces of A^ 
limited by a wall. 

In V the subspace Vq = F± V {I) = Ker(aj) (trivial facet) is the intersection of all 
vectorial walls. Acting by translations it stabilizes all facets and the two Tits cones. So the 
essentialization of V or A" is V e = V/Vq or A ve = A v /Vq. 

One may generalize these definitions to the case when the chamber defined by (aj)^/ 
(for a non free RGS) is non empty in V = Y (8) K |Ba961 p. 113, 114] but we shall avoid this. 

2) The smallest example for V associated to M and f C Q corresponds to S = Syim- Then 
V = V q = V M = Q* <g> M. = Homz(Q,M). In the above notations we add an exponent 9 to all 
names. We get thus the essential vectorial fundamental twin apartment A vq . Actually V q and 
A vq are canonically the essentializations of any V or A" in 1) : V e = V q and A" e = A vq 

3) If S is a given free RGS, we shall write V x = V s and add an exponent x to all names 
in 1) e.g. V q = V xe = V x /Vq and A q = A xe = A X /V X . We get thus the normal vectorial 
fundamental twin apartment A vx . 

If S is a given (non necessarily free) RGS, we may consider the free RGS S l of [RoT2l 
1.3d]: S l = (M,Y xl , (af) ia , «' v ) iG /) with Y xl = Y © Q* , af = at + on G X xl = X © Q 
and a xlv = a{ G Y C Y xl = Y © Q* = (X © Q)* . Then V xl = Hom z (A" © Q,R) and we 
add an exponent xl to all names in 1). We get thus the extended vectorial fundamental twin 
apartment A vxl . 

4) More generally we may consider a quadruple as in |Roll| 1.1]: (V, W v , (aiji^i, (a^)j G /) 
with oti free in V* and aij = a.j(oc() hence $ C Q C V*. The same things as in 1) {e.g. 
Fl(J), A3- = T±, ..) may be defined in V and we have V q = V/V for V = [\ eI Kera^. For 
example we may take for V a quotient of a V s as in 1) by any subspace Vqo of Vq. 
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We get thus many geometric realizations of the Coxeter complex of (W v , E). 
1.3 The split Kac-Moody group <&$ 

As defined by J. Tits |T87| . this group &s is a functor from the category of (commutative) 
rings to the category of groups. 

One considers first the torus T5 = Ty = <5pcc(ZLY]) with character group X(%s) = X 
and cocharacter group Y(%s) = Y. For any ring R, Ty(i?) = Y ®zR* = Hom^(X, M*). Then 
the group <3$(R) is generated by Zs(R) and elements £ a (r) for a £ $ and r € R; for the 
precise relations see )T87| . )Re02| or |Rol2| . 

Actually T5 is a sub-group-functor of the standard maximal split subtorus. For a G 
there is an injective homomorphism p Q : 210c) — > <3s, r G R >— > J<*(r); the sub-group-functor 
of &s image of £ a is written ii a . The standard positive (resp. negative) maximal unipotent 
subgroup is the sub-group-functor il^ such that, for all ring R, Hj(i?) (resp. ilg(R)) is 
generated by all ii a (R) for a G $ + (resp. a G < I )_ ); it depends actually only of M, not 
of S. Then the standard positive (resp. negative) Borel subgroup is the semi-direct product 
*B+ = T s >< il+ (resp. QS^ = % s x U5). 

The construction of (85 uses a Q— graded Z— form Usz of the universal enveloping algebra 
of q$, we call it the Tits enveloping algebra of (5$ over Z. It is a filtered Z— bialgebra; the 
first term of its filtration is Z © Qsii where Qsi is a Z— form of the Lie algebra Qs- There is 
a functorial adjoint representation Ad : ©5 ~~ ^ 2lut(Wsz), see |Re02| and/or |Rol2| for details. 
In the classical case &s is a reductive group and Ustl is often called the Kostant's Z— form. 
By analogy with this case we define the reductive rank (resp. semi-simple rank) of ©5 or S 
as rrk{S) = n = dim(X) (resp. ssrk(S) = \I\); there is no a priori inequality between these 
two ranks. 

In the following we shall almost always consider a field K and restrict the above functors 
to the category Sep(K) of algebraic separable field extensions of K contained in a given 
separable closure K s . The groups associated to K by these functors are then written with 
roman letters: G s = ®s(K), T s = %s{K), U a = ii a (K), x a : K -)■ U a C G s , etc. We set 
also IAsk — ^<sz ®z K, ■ ■ ■ . We shall sometimes forget the subscript 5. 

Definition 1.4. cf. |Ro06| A root datum of type a (real) root system $ is a triple (G, (U a ) a ^, Z) 
where G is a group and Z, U a (for a G $) are subgroups of G, satisfying: 
(RD1) For all a € ?7 Q is non trivial and normalized by Z. 

(RD2) For each prenilpotent pair of roots {a,/3}, the commutator group [U a , Ug] is 
included in the group generated by the groups ?7 7 for 7 = pa + q/3 G <I> and p,q £ Z>o- 
(there is a finite number of such roots 7, as {a,/3} is supposed prenilpotent). 
(RD3) If a G $ and 2a G then f7 2 « £ ^a- 

(RD4) For all a G $ and all u G C/ a \{l}, there exist u',u" G such that m(u) := u'uu" 
conjugates Ug into U s tg-\ for all /3 G $. Moreover, for all u,v £ U a \ {1}, m(u)Z = m{v)Z. 

(RD5) If U + (resp. U~) is the group generated by the groups U a for a G $ + (resp. 
a G *-), then ZU+ nU~ = {1}. 

The root datum is called generating if moreover: 

(GRD) The group G is generated by Z and the groups U a for a G <&. 

Remarks 1.5. a) This definition is given for a general (real) root system For the system 
$ of II. li the axiom (RD3) is useless as $ is reduced. In the classical case (i.e. for a finite root 
system) this is equivalent to the definition of "donnee radicielle de type $" in |BrT72| . In 
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general a generating root datum is the same thing as a "donnee radicielle jumelee entiere" as 
defined in fRe02l 6.2.5]. 

b) Actually Z has to be the intersection of the normalizers of the groups U a : |Re02| 1.5.3], 
see also |AB081 7.84]. So one may forget Z in the datum, as in |T92] or [Chill 10.1.1]. 

c) Even in the classical case, the notion of root datum (of type a root system) is more 
precise than the notion of RGD-system (of type a Coxeter system) defined in )AB08| 8.6.1] 
(which is the same thing as "donnee radicielle jumelee" defined in |Re021 1.5.1], see also |T92| ). 
The "roots" of (W V ,T,) are in one to one correspondence with the non-divisible roots in 
So, if (G, (U a ) a E$, Z) is a generating root datum, then (G, (U a ) a ^ nd , Z) is a RGD-system; 
the difference is that axiom (RGD1) is less precise than (RD2): it allows p and q to be in M>o- 

Root data describe more precisely the algebraic structure of reductive groups or Kac- 
Moody groups; with RGD systems one can describe more general actions of groups on (twin) 
buildings. 

Consequences 1.6. Let (G, (C/ Q ,) Cfg $, Z) be a generating root datum, then, by |Re02| chap. 
1, 2] or |AB08| . one has: 

1) The group = ZU^ is called the standard positive (resp. negative) Borel subgroup or 
more generally minimal parabolic subgroup. 

Let N be the group generated by Z and the m(u) for a £ $ and u 6 U a \ {1}. There is a 
surjective homomorphism v v : N — > W v (where W v is the Weyl group of the root system <3>) 
such that u v {m{u)) = s a and Kei(v v ) = Z. 

Then B ± n N = Z and (B ± ,N) is a BN-pair in G. In particular we have two Bruhat 
decompositions: G = \_\ w& y^v B £ wB e (for e = + or — ). 

Moreover G = \J w£W v {Y[/3e<5>+nw<i>-w- 1 Up).wZ.U + , with uniqueness of the decomposi- 
tion (refined Bruhat decomposition). The same is also true when exchanging + and — . 

2) More precisely {B + , B~ , N) is a twin BN-pair; in particular we have a Birkhoff decom- 
position: G = \_\ we yyv B + wB~ . Moreover for u, u' G U + , v,v' £ U~ and z,z' € Z, if 
uzv = u'z'v' then u = u' , v = v' and z = z'. 

3) Associated to the BN-pair (B £ ,N), there is a combinatorial building J?£ c (viewed as a 
simplicial complex) on which G acts strongly transitively (with preservation of the types of 
the facets). The group B e is the stabilizer and fixator of the fundamental chamber C" c C '. 
The group N stabilizes the fundamental apartment A^ c (which contains C^ c ); it is equal to 
the stabilizer in G of A^ c , as the BN-pair is saturated i.e. Z = f~} weWv wB £ w~ 1 . 

The Birkhoff decomposition gives a twinning between the buildings and J ! '^\ we have 
Z = B+DB-. 

4) As the facets of T e = A" are in one to one, increasing and N— equivariant correspondence 
with those of the Coxeter complex A^ c , we can glue different apartments together to get 
a geometric realization Jf£ = ^(G,A V ) of J?^ (called vectorial or conical) in which the 
apartments and facets are cones. The different peculiar choices of A" explained in 11.21 2). 3) 
give vectorial buildings J 2 '/ 9 , </£ x , ^ xl ; 

For any of these vectorial buildings, the vector space V$ C A^ acts G— equivariantly 
and stabilizes all facets or apartments. The essentialization of this building i.e. its quotient 
^ e (G,A v ) = J?v(G,A v )/V by V is canonically equal to ^ = ^(G,A vq ). 

5) There is a one to one decreasing correspondence between facets and parabolic subgroups: 
the stabilizer and fixator in G of a facet F v C T e or of F v /Vq C 7e is a parabolic subgroup 
P{F V ) of G (which is its own normalizer). We have a Levi decomposition P(F V ) = M{F V ) K 
U(F V ). The group P(F V ) (resp. M(F V )) is generated by Z and the groups U a for a G &(F V ) 
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(resp. a 6 <f> m (F v )) i.e. a G $ and a{F v ) > (resp. a{F v ) = 0). The subgroup U(F V ) is 
normal in P(F V ) and contains the groups U a for a G & U (F V ) i.e. a G <3? and a(i* ,t; ) > [RcCG, 
6.2]. We define G(F V ) = P(F V )/U{F V ) ~ M(F V ) and N(F V ) = N n P(F") C M(F V ). 

If F" = F5(J) for ■/ C I, then P(F V ) = P e (J) = 5 £ W(J)B £ , $ m (F t ') = $ m (J) and 
N(F V )/Z = W V (J). The group G(J) = M{F V ) is endowed with the generating root datum 

Theorem 1.7. W'Wi i/ie notations of \1.3[ (Gs, (U a ) a ^,Ts) is a root datum of type 
Moreover if \K\ > 4, N is the normalizer ofTs in Gs- 

Proof. This is essentially in |T87] and [T92] . See |Re02l 8.4.1] □ 

Remarks 1.8. 1) 1?^ (resp. U s ) as defined in 11.31 coincide with P 1 * 1 defined in 11.61 1 (resp. 
f7± defined in 113)1 . The group N is iVs = 0^5 (if), where 9T,s is a sub-group-functor of ©5 
normalizing T5. Moreover iV is the normalizer in Gs of T5, but not always the normalizer of 
T$ {e.g. when \K\ = 2, Tg = {1})- The maximal split tori of &s are conjugated by Gs to Is 
|Re02l 12.5.3]. 

The Levi factor of P £ {J) is G(J) = <&s(j\(K) where &s(J) i s t ne split Kac-Moody group 
associated to the RGS S(J) of[H]2 [Rol2l 5.15.2]. 

2) The combinatorial buildings associated to this root datum are written jP £ c (&s, K) or 
^ cM (K), as they depend only on the field K and the Kac-Moody matrix M (not of the SGR 
S: [RoT2l 1.10]). 

As N is the stabilizer of the fundamental apartment A" c in J? £ cM (K) and the normalizer 
of T5, we get a one to one correspondence % 1— > ^ C (X) between the maximal split tori in <8s 
(or their points over K, if \K\ > 4) and the apartments of J? £ cM (K). 

3) The geometric realization of ^ £ cM (K) introduced in 11.61 4 is named /"(fig, K, A"). If 
we use Te = A" 9 , we call it the essential vectorial building ,J^ £ (<3s, K, A vq ) = ^i?"* (<&s, K) = 
^ M (K) of (5s over K of sign e = ±. We have also extended vectorial buildings ^(&s, A vxl ) = 
^ xl (<5 s ,K) = ^f\K) defined using T £ xl = A v e xl instead of T £ q in[L6]4. 

When S is free, we can also use T x = A v e x and define the (normal) vectorial buildings 
J?v(®s,K,A vx ) = J? £ vx (®s,K) = J?f(K). 

To be short we omit often K and/or M, S, ©5, A" in the above notations. 

4) J?v°(<8s,K) is clearly functorial in K. ^(<8 S ,K,A V ) is functorial in K and S (for 
commutative extensions). 

1.9 Completions of &s 

There is a positive (resp. negative) completion <3 s ma (resp. &^ ma ) of &s (defined in |Ma88| . 
|Ma89| ) which is used in |Rol2| to get better commutation relations. This is an ind-group- 
scheme which contains <Ss but differs from it by its positive (resp. negative) maximal pro- 
unipotent subgroup: il^ (resp. il^) is replaced by a greater group scheme iX£ a+ (resp. SX£ a ~) 
involving the full root system A of 11.11 3. 

For a ring R, an element of il™ a± (R) can be written uniquely as an infinite product: 
u = n Q eA± u a w ith u a G ii a (R), for a given order on the roots a = n ? a i £ ^ 

(e.g. an order such that |fri(a)| = Yliel \ n ?\ * s increasing). For a G <I>, u a is written 
u a = fo( r ) = [exp]re a for a unique r G R and e a a fixed basis of Q a . For a G Aj m , u a 
is written u a = YljZ^" [exp]r a j.e a j for unique r a j G R and for (ea,j)j=l,n a a fixed basis of 
Q a . Moreover the conjugate of such an element u G ^^^(R) by t G Zs(R) is given by the 
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same formula: for u' a = tu a t~ l G il Q (-R), we just replace r by a{t)r or each r a j by a(t)r a j 
|Rol2| 3.2, 3.5]. (Actually we often write a{t) for a(t).) 

The commutation relations between the u a are deduced from the corresponding relations 
in the Lie algebra (or better in the Tits enveloping algebra Ustl)- So we know well the 
structure of the Borel groups V$™ a± = 1 S k il™ a± . For R a field there are Bruhat and 
Birkhoff decompositions of ® P ™(R) and <S% ma (R): & p s ma (R) = il™ a+ {R).y\ s (R).iL™ a+ (R) = 
U s (R).m s (R).Sl™ a+ (R) and <8™ ma (R) = il™' (R)M s (R).U™ a - (R) = iX^(R)M s (R).iX^ a - (R). 



1.10 centralizers of tori 

Let %' be a subtorus of T 5 (over K s ). There is a linear map Y{%') <g> K ^ y(T 5 ) <g> M -> 
which sends A ® X to the map a i— >■ a(A)x. We write V 9 (T') its image. We say that T' is 
generic (resp. almost generic) in T5 if V 9 (£') meets the interior of the Tits cone Tl (resp. if 
V q {%') PI 7I[? generates the vector space V q ($.')) cf. 11.21 1. Note that, if S is free, T5 is generic 
in T5, as the above map is then onto. 



Proposition. If %' is generic, then, up to conjugacy, V q {%') is generated by V q ifZ') n C^ 9 
(which is convex) or more precisely by V 9 (X') H F^_ q (J) where F^_ q (J) (with J spherical in I) 
is the greatest facet in meeting V q {%'). Then the centralizer 3(X') of %' in <3$ is ©s(j) 
(a reductive group). 

To be short, when %' is generic, its centralizer 3(X') is the group scheme 3g(X') generated 
by and the ii a for a G <!> and = 1 ( called the generic centralizer of X' in <3$ ). 

Proof. The reduction to V q (T') generated by V q (1') n F v + q (J) is clear as V q (1') n Tf is 
convex and generates V q {%'). We embed m the ind-group-scheme ®^ ma . Any element 
g G 0^ ma (if s ) may be written uniquely as g = (Ha^+n^- u a ).t.w.(H ae ^+ u a ), where t 6 
2^5 (if s ), w € VK^, it; is its representant in a chosen system of representants W v C ^(Ts^if^) 
and each u a is in ii a (K s ) cf. [Rc02, 1.2.3] and |Rol2| 3.2]. If we conjugate by s G %'(K S ), t 
is fixed, each u a is sent to u' a G il a (K s ). So g commutes with s if and only if u' a = u a , Va 
and sws^ 1 = w. This last condition is s = wsw~ l = w(s); as it must be true Vs G T'(iir s ), 
this means that it; € W U (J). Now for a € $ and u Q = fa( r )) n L = ?a( a ( s )- r )> hence 
u a = Vs G X'(if s ) =4> a| T , = 1 ot\y q /<£n = =^ a G Q{J). The same thing is true for 
a G A+ by the formulae inp] Finally g G 3(X')(iG) 5 G &^JK S ). But, as F+ 9 (J) is 

in the interior of the Tits cone, J is spherical, A( J) is finite and (85^ = ®s(J) is a reductive 
group. □ 

Remarks 1.11. a) 3(X') is the schematic centralizer of %' or the centralizer of %'{K S ). The 
centralizer of %'{K) may be greater, e.g. if |if | = 2, Zg^K) = {1}. 

b) If T' is almost generic, the above proof tells that 30?') — ^ ®S- But it is n °t 

clear that it is the Kac-Moody group ®s(J) i - e - tnat ^s(j) n ®5 = ^s(j) n is c /" 
|RoT2l 3.17 and § 6]. 

c) In the affine case with S free, let 5 be the smallest positive imaginary root. The torus 
T' =Ker<5 is not almost generic, there is no real root a G with a\^, = 1 but 3(^') is greater 
than T5: if <5s(K s ) = &°(K s {t, t^ 1 ]) x if* for 0° a semi-simple group with maximal torus 
X°, then T 5 (if s ) = T°(iQ x if*, T'(if s ) = %°{K S ) and 3(T')(if s ) = T°(if s [t, t~ 1 }) x K* is 
the subset of yis(K s ) consisting of elements whose image in the affine Weyl group W v are in 
the "translation group". 
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Otherwise said, when S is affine non free, 6 = 0,%' = %s and 3(^<s) may be greater than 
T5: T5 is not almost generic in T5. 

2 Almost split Kac-Moody groups 

The reference for this section is B. Remy's monograph |Re02| . 

2.1 Kac-Moody groups 

1) A Kac-Moody group over the field K is a functor (3 = &k from the category Sep{K) to 
the category of groups such that there exist a RGS S, a field E £ Sep{K) and a functorial 
isomorphism between the restrictions &e and (5s£ of & and ©5 to Sep(E) = {F £ Sep(K) | 
£7 C -F}. We say that & is sp/ii over E, that is a K—form of&s and we fix such a functorial 
isomorphism to identify (5e and 

The above condition is the most important but, to compensate the lack of a good notion 
of algebraicity, we need also a K— form U = Uk of the Tits enveloping algebra Usk s and 
some other technical conditions (PREALG1,2, SGR, ALG1,2) given in |Re02| chap. 11] and 
omitted here. We write only the following condition [I.e. 12.1.1] which makes more precise the 
functoriality: 

(DCS2) For each extension L of K in Sep(K) the group &(L) maps isomorphically to its 
canonical image in <3(K S ) which is the fixed-point-set <3(K s ) Gal ( Ka / L ^ of the Galois group. 

We identify all these groups with their images in <3(K S ). We forget often the subscript 
5 for subgroups of &sk s when we think of them as subgroups of &k s , e.g. ^B^sKs = ^^K s - 
Now the natural action of V = Gal(K s / K) on &k s gives us a twisted action of V on &sk s 
such that <5 s (K s ) Gal( - K °/ L ^ = <8(L) for each L £ Sep(K) and 0(L) = <5 5 (L) if E C L. 

A subgroup H of &(K S ) invariant under this twisted action of Gal{K s /L) defines a sub- 
group-functor S)l on Sep(L); we say that H is L — defined in &(K S ) and that S)l is a 
L— sub-group-functor of &l. 

2) We say that is almost split if the twisted action of each 7 £ V transforms ^%x a 
a Borel subgroup in the same conjugacy class under <&s(K s ). 

Let L be an infinite field in Sep(E), Galois over K, then there is a (twisted) action 
of Gal(L/K) on the twin buildings J>^ C (V) such that the action of <3(L) on J^ C (V) is 
Gal(L/K)— equivariant; this action permutes the types of the facets [I.e. 11.3.2]. One can 
extend affinely this action on the geometric realization J^ 9 (L) [I.e. 12.1.2] or on the so-called 
"metric" realization, where the action is through a bounded group of isomorphisms; more 
precisely any point in this last realization has a finite orbit [I.e. 11.3.3, 11.3.4]. 

As a consequence any Borel subgroup of &(K S ) is defined over a finite Galois extension of 
K; taking a greater extension K' such that Gal{K s / K') preserves the types, we see that the 
same thing is true for parabolic subgroups. A maximal torus of &(K S ) is intersection of two 
opposite Borel subgroups, so it is also defined over a finite Galois extension of K. 

3) If is almost split, the twisted action of V on (3s(K s ) and Usk s is described through 
a "star action" [I.e. 11.2.2, 11.3.2]. More precisely there is a map 7 h4 from T to &s(K s ) 
and for each 7 € T an automorphism 7* of &g(K s ) and a 7— linear bijection 7* of Usk s , such 
that the twisted actions are given by 7 =Int(g 7 ) 07* on &s(K s ) and 7 =Ad(g 7 ) 07* on UsK a ] 
moreover g 7 and 7* are trivial for 7 £ Gal(K s / E). On (&s(K s ), 7* stabilizes T5 and 5S ± 5; 
on Usk s i 7* stabilizes Ug Ka [I.e. 11.2.5(i)]. Actually g 7 is defined up to %s{K s ) (but the map 
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7 i— > g 7 may be chosen with a finite image, by 12,11 2 above). So 7* is defined up to Ts(K s )- 
The "star action" is perhaps not an action on <5g(K s ) or Usk s , but it defines an action on 
Ul Ks ,X, A, <D, Jorr. 

Lemma 2.2. Lei be an almost split K—form of &s as above. 

a) There is an almost split K—form & xl of & s i which is split over the same field E as & 
and an homomorphism U5 — > (5 whose restriction to Sep(E) is the known homomorphism 
©5 -> <S 5 ; jRb~M 1.3d, 1.11]. 

b) Let L be an infinite field in Sep(E) Galois over K, then the action of Gal(L/K) on the 
building J*^ C {V) may be extended linearly to ^ xl (L). This action makes T — equivariant the 
action of & xl (K s ) (= &(K S )) over this building and the essentialization map rf : ^ xl (L) — s> 

c) When S is free, the same thing is true for ^ X (L) and <3(K S ). 

Remark. For A" as in 11,21 4. let us suppose that the star action of T on / (hence on the aj, 
q7) may be extended linearly to V. Then b) and c) above are also true for ^ v (&s, K, A v ). 

Proof, a) We have to describe the form & xl and a K— form U xl of the Tits enveloping 
algebra ti s i Ks through twisted actions of V on & s i(K s ) and U s i Ks . For the RGS S l , Y l = 
yxl _ y ® Q* 1 so, by |Rol2| 1.11], ®sik s is the semi-direct product of &sk s by the torus 
^QK S = 6pec(-KT s [Q]). Clearly U s i Ks is also a semi-direct product of Uk s = Msk s an d the 
"integral enveloping algebra" Uqk s °f the torus Tq^ s (i.e. its algebra of distributions at the 
origin). Now the star action of T on Q gives a T— algebraic action on Tqk 3 and a T— linear 
action on Uqk s - This is compatible with the formulae defining semi-direct products and so 
we construct an automorphism 7* of & s i(K s ) and a 7— linear bijection 7* of U s i Ks . Now let 
7 =Int(# 7 ) o 7* or 7 =Ad(g 1 ) o 7*. ^ 

We have to prove that this defines actions of V. By definition Int(g 7 y) o (77')* = 77' and 
7oy =Int(g 7 ) o 7*oInt(gy ) o 7'* =Int(g 7 .7*(gy )) o 7* o 7'*. There is equality of these two 
expressions on &$(K S ), moreover (77')* = 7* 07'* on IsKs, hence # 7 .7*(<5y) = <7 7 y.i 7) y 
with i 7j y G T S (K S ). We have to verify that yy'(t) =70 7'^) for t G 1q(K s ). But 
(77')*(*) = 7*(7'*(*)) i s m ^-q(-^s) hence centralized by Ly; so the result follows. The 
same proof works also for U s i Ka . 

We define U xl as (U s i Ks ) G < K °/ K ^ and, for L G Sep(K), & xl (L) = & s i{K s ) Gal ^ Ks l K ^ (fixed 
points for the twisted actions). We have now the two ingredients of the Kac-Moody group 
as defined above. We leave to the reader the verification of the technical conditions of |Re02| 
(PREALG, SGR, ■••). 

b,c) As the star action of T is well defined on X xl = X © Q and on X, we just have to 
mimic the proof in the case & q (L) (corresponding to X q = Q) [I.e. 12.1.2]. 

□ 

2.3 Continuity of the actions of the Galois group 

From now on in this section [2j we choose an almost split Kac-Moody group over K with 
Tits enveloping algebra U and keep the above notations. We forget now the (old) actions of 
r = Gal(K s /K) on &sk s or Msk s an d consider only the star action or the (twisted) action 
(which is the natural action on <&k s or Uk s )- 

1) By 12.11 2 above the orbits of T on the Borel subgroups of <&k s are finite. So the 
<7 7 G &(K S ) (such that 7* =int(<? 7 ) _1 o 7 stabilizes %k s an d ^^k s ) may be chosen in a finite 
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set. In particular, if 7* =Ad(g 7 )~ 1 o 7 on Uk s , then {^*u | 7 G T} is finite Vu € Z^ s - So 
the star action of T has finite orbits on $ )Re02| 11.2.5(iii)] and on Q. We know that this 
star action stabilizes the basis {a, | i G /} and acts on / by automorphisms of the Dynkin 
diagram. 

2) The following extension of condition (ALG2) is implicit in I.e. starting e.g. from 11.3.2: 
(ALG3) The star action of T on X or Y is continuous i.e. its orbits are finite. 

As for (ALG2) this is useless if X = Q. Without it, only the description of the action of 
r on the center of (5(K S ) is less precise; in particular there is no problem for the buildings 
J'^iV). But the proof of [I.e. 12.5. l(i)] uses this property. 

It would also be reasonable to ask: 

(ALG3') The evident map (p : Y ->• Y (g> K s C U Q Ks is T*-equivariant. 

By [I.e. 11.2.5] the map (p o bar : Q —¥ Uk s is T*— equivariant. In characteristic (ALG3) 
is a consequence of (ALG3'). 

In the following we add to the conditions of I.e. the condition (ALG3) but not (ALG3'). 
With these assumptions we get the good structure for &. But anybody interested in con- 
sidering IA as the good Tits enveloping algebra for <8 should add (ALG3') and, in positive 
characteristic, even stronger conditions. 

3) By 12.11 2 Ta' s and ^B^Ks are defined over a finite Galois extension L of K in Sep(K). 
Enlarging a little L we may suppose T^ s split over L (i.e. X or Y fixed pointwise under 
Gal(K s / L)) and Q also fixed Q2.3I 1). Now we may modify each e{ in K s e\ = U~^ Ks , so that 
ei (and /j) is fixed under V. By [I.e. 11.2.5(iii)] this proves that 7(y±«i(r)) = l± ai {l r ) f° r 
r £ K s and 7 € Gal(K s / L). So the original action and the new twisted action of T on &s(K s ) 
coincide on %(K S ) and the groups \X± ai (K s ). As these groups generate &s(K s ) (see |Rol2| 
1.6 KMT7]), the two actions coincide and is actually split over the finite galois extension L 
of K. 

Now each of the above generators of <5(K S ) has a finite orbit under V, so this is also true 
for every element of &(K S ): <3(K S ) is the union of the subgroups &(L) for L G Sep(K) with 
L/K finite. 

4) We saw in 12.11 2 that the orbits of T on ^f^ c (K s ) are finite. The stabilizer in V of a 
facet of <f£ c (K s ) acts on the corresponding facet of ^s 9 (K s ), ^ xl (K s ) or ^ X (K S ) through 
a finite group (see 2) above and the definition of these actions). So the actions of V other 
these buildings have finite orbits. 

If a Galois group Gal(K s /M) stabilizes a facet of one of these geometric buildings, then 
it has a fixed point in this facet (as this facet is a convex cone and the action is affine). 

2.4 K— objects in the buildings 

1) Let E G Sep(K) be infinite, Galois over K and such that <3 is split over E. By |Re02| 
10.1.4 and 13.2.4] the buildings over E are the fixed point sets in the buildings over K s of 
the Galois group Gal(K s / E). So we set V = Gal(E / K) and we shall work over E (cf. I.e. 
12.1.1(1)). 

Let J v = Jl U Jl be the union J^ V (<3 S ,E,A V ) = J?Z(<8 S ,E,A V ) U J?Z(<8 S ,E,A V ) as 
in remark 12.21 (e.g. A v = A vq , A vxl or if S is free A vx ). The essentialization J ve of J v is 
always J? vg (E) = J? v (<&s,E,A vq ) which is the building investigated in I.e. so one may use 
this reference. 
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2) Definitions. A if— facet (resp. spherical K— facet) in ,y v is the fixed point set under 
r of a facet (resp. spherical facet) of JP V stable under T (by 12,31 4 the if— facet is non empty). 

A K— chamber in J? v is a spherical if— facet with maximal closure. 

A if— apartment in ^ v is a generic subspace (of an apartment) of ,J? V which is (pointwise) 
fixed under T and maximal for these properties. 

A (real) K—wall in a if— apartment kA v is the intersection with rA v of a wall in an 
apartment of J* v containing kA v , provided that this intersection contains a spherical if— facet. 
This if— wall divides kA v into two (closed) K— half -apartments. 

3) Properties. By definition if— facets (resp. spherical if— facets, if— chambers) cor- 
respond bijectively to if— defined parabolics (resp. if— defined spherical parabolics, minimal 
if— defined parabolics). The union of the if— facets is (J' V ) T \ their set is written k^ vc - 

By [I.e. 12.2.4 and 12.3.1] two if— facets are always in a same if— apartment and there 
exists an integer d = d(j? vr ) > 1 such that each if— chamber or each if— apartment is of 
dimension d. One should notice that the different choices for J? v may give different integers 
d. The group G = ©(if) acts transitively on the pairs (kC, kA v ) of a if— chamber kC of 
given sign in a if— apartment kA v (see also [I.e. 12.4.1]). 

4) Standardizations. Any if— apartment kA" in <0 V is contained in a Galois stable 
apartment A v of Jf v (perhaps after enlarging a little E) [I.e. 12.3.2(1)]. We may choose 
moreover opposite chambers rC+, kG v _ in kA v and (non necessarily T— stable) opposite 
chambers C\, C v _ in A v with K C\ C Cj. We say that ( K A V , K C V + , K C V _) and (A V ,CI,C1) 
are compatible standardizations of and J" v . 

The apartment A v determines a if —defined maximal torus %k 3 (such that A" = A v (%k s )). 
After enlarging a little E we may suppose split over E, and conjugated under <3(E) 
to the fundamental torus %se \l-C- 10.4.2]. So we may (and will) suppose Tx s = ^SK a 
and C± associated to the Borel subgroups 55^. Then the star action of T is defined by 
7* =Int(<7 7 )~ 1 o 7 with g 7 G (5(E) normalizing and fixing pointwise rC^_, kC v _ and kA v . 

Let i = {i G I | OLi( K A v ) = {0} } and A vI ° = {x G A v \ a { {x) = 0,Vi G i }. Then i 
is spherical (as ^^4^ meets spherical facets) and stable under T* , the (normal twisted) action 
and the star action of T coincide on A vI ° and kA v = (^4^°) r *. The vector space generated 
by K A V in A^ is ^ = {v G A* \ a^x) = 0,Vi G i } r * [/.c. 12.6.1]. 

2.5 Maximal split tori and relative roots 

We choose standardizations and identifications as in 12.41 4 above. 

1) The maximal split subtorus 6 of 1 depends only on the if —apartment kA" and is 
actually a maximal split torus in &. The maximal split tori are conjugated under G = ©(if) 
|Re02| 12.5.2, 12.5.3]. The dimension of a maximal split torus is the reductive relative rank 
over K of <3, written rrkxi®)- 

As a consequence of the lemma [2T6T ii) below, there is a bijection (3 i— > kA v (&) between 
maximal if —split tori in (or their points over if, if |if | > 4) and the if —apartments in J? v . 

2) Let kX (resp. kY) be the group of characters (resp. cocharacters) of S. For each 
a G Q, let £ kX be the restriction to 6 of a £ I and kol be the restriction of a 
to kA ■ We define kQ as the image of Q by this restriction map a i— > kol\ the set of 
relative if— roots is ^ A = {koi a 6 A, ^ 0}; the set of real relative if— roots is 

= if A re = {kO! G i^A | xATiKeia is a (real) if -wall}. Let xQre be the submodule of 
K Q generated by the real relative roots. 
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With the notations in 12,41 4. x&i is a r °°t if and only if i ^ Iq; for i,j ^ Jo 5 = K&j 
if and only if i and j are in the same T*— orbit; xoti is a real root if Jo U T*i is spherical 
and different from Jo. Hence a basis of (or ^;Q) is given by {xoii \ i 6 where 
A'/ = (J\/o)/r* and a basis of (or xQre) is given by {xctj | i £ x-^re} where _K-/ re = {2 € 
I\Iq I /o U T*i spherical} /T* : the basis of may contain some imaginary relative roots. 
The set <E>o = {a G $ | = 0} is actually $ n (©i G / Zaj). We say that |#I re | = ssrk K (<3) 
is the semi-simple relative rank over K of <&. 

For i G 7o, Oj is trivial on & (see 3) below); so the two actions of V (star or not) on T 
coincide on & and = {y 6 K | ai(y) = 0,Vi € /o} r *- Hence Va £ Q, ^a is the canonical 
image J^a of ^a in jfJ. It is now clear that \j^a \ £ A'A} is the set of roots of (3 for the 
adjoint representation on the Lie algebra qk C Uk- 

When S is free and J^ v = ^ VX {E) is the normal geometric realization, then dim(KA v ) = 
dim{&) is the reductive relative rank. Hence, when S is free, the reductive relative rank is at 
least 1: an almost split Kac-Moody group (with S free) cannot be anisotropic. 

When J? v is the essential building ^ vq (E), then dim^-A") = \r!\ may be greater than 
l^-ij-el = ssrkxi^), so kA v may be inessential. 

3) Relative Weyl group. [I.e. 12.4.1, 12.4.2] 

Let xiV (resp. rZ) be the stabilizer (resp. fixator) of kA v in G; by 12.51 1 kN is the 
normalizer of 6 in G and ^-Z centralizes & (by definition of (3 [I.e. 12.5.2]). Actually k% is 
generated by T and the U a for a E <3?o [^- c - 6.4.1], hence a(G) = 1 Va € <3?o- The quotient 
group kW v = kN/kZ is the relative Weyl group of 25 (associated to 6 or kA v ). It acts 
simply transitively on the K— chambers of fixed sign in kA v and (as kN C N.kZ) is induced 
by the action of the subgroup of W v = W v (A v ) stabilizing kA v . 

To each real relative root ^a € is associated an element s Ka € kW" of order 2 which 
fixes the wall Ker(^a). The pair (rW v , {s KOli I i 6 a /re}) is a Coxeter system. 

When S is free, the map Y(T S ) <g> R = (Q (g> E)* is onto. But A 1 ^ is generic in 

A u<z (12212) and, by E2]4 and[23]2, the same equations define K A V ^ in or F(6) <8 R in 
Y{% s ) ®R- So 6 is generic in T 5) 3(6) = 3 9 (6) and X Z = 3(©)(if) (fTTOl) . 

For 5 general ^-Z = 3g(S)(i^) may be smaller than 3(@)(-^)j c /- II- lib . The reductive 
group 3g(<5) is the anisotropic kernel |Re02| 12.3.2] associated to kA v i.e. to & (by 1) above). 

4) The set (resp. = A-A re ) is a system of roots (resp. of real roots) in the sense 
of |Ba96] cf. |rTeT)2l 12.6.2], |Ba96] or |B3R95j . If K A ± = ±( K An (®ie K i Z> . K ai)) (resp. 

= ±(k$ n (e,e K / re Z> .xai)) then X A = X A+ U K A~ and = K <$>+ U The 
system or x<I> is stable under kW v and any real relative root is of the form w.Kdi or 
Iw.KOLi with w € i^W™ and i 6 K^re (as the system may be unreduced). 

It is not too hard to find a RGS (jfM, (K~CH)i£ K l re , {KOt()i£ K i re ) (in the sense of ll.l|) 
with Weyl group kW v . But it is not sufficient to describe ^-A (or even k&)', one has to use a 
more complicated notion of RGS, see |Ba96| . |B3R95| or |Re02| 12.6.2]. On the contrary the 
reduced system K&red is a system of real roots in the sense of |MoP89| . |MoP95| and even of 
|K90| as its basis is free. 

2.6 Relative root groups 

For xOi € k&, we consider the finite set (^q) = {/3 G $ | kP € N.^-q} and the unipotent group 
il( K a)K s generated by the ilpK a for j3 6 (j^a), it is defined over K. We set V Ka = il( Ka \(K). 

The positive multiples of kol in ^A are ^-a and (eventually) 2^a (€ a^). If 2^q ^ ^-A 
we set il(2 K a)K 3 = {1} and V 2Ka = {1}. So il( 2KQ )^ s (resp. V2 K a) is always a normal subgroup 
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of ii( Ka)Ks (resp. V Ka ) |Re02l 12.5.4]. 

Lemma. Let roc G k& be a real relative root. 

(i) V K a/V2 K a is isomorphic to a vector space over K on which s G &{K) acts by multipli- 
cation by koc(s) G K*. Its dimension is \(koi)\ — |(2#-a)| > 0. 

(ii) The centralizer Zy Ka (&(K)) of &(K) in V Ka is trivial if \K\ > 4. 

Proof, (suggested in [I.e. 12.5.3]) By [I.e. 12.5.4] there exists a reductive K— group f) of relative 
semi-simple rank 1 containing 6 and il( A , Q ). Then (i) is classical cf. e.g. |BoT65| th. 3.17]. Now 
(for fj) there exists a coroot j^a v G Hom(9JIu[t, 6) such that 2xa(KCt v ) = 2 or kcx(kcx v ) = 2 
(if 2xot is not a root) (one may use the K— split reductive subgroup of fj constructed in 
|BoT65l 7.2]). So (ii) follows. □ 

Theorem 2.7. (\Re02[ 12.6.3 and 12.4-4]) Let (5 be an almost split Kac-Moody group over 
K, then, 

a) The triple (<3(K), (V KOl ) KOl £ K $, kZ) is a generating root datum of type k^- 

b) The fixed point set k-^ v = {-^ V ) T is a good geometrical representation of the combinato- 
rial twin building K J> VC = J^ vc (&, K) associated to this root datum: there are &(K) — equivariant 
bijections, between the K— apartments and the apartments of K J' vc , and between the K— chambers 
and the chambers of K ^ vc - this last bisection is compatible with adjacency and opposition. 

N.B. 1) When (3 is already split over K, we see easily, using galleries, that K J VC = (j? vc ) r 
and K J V = J? V (<S,K,A V ). 

2) The group kB + = kZU + defined in ll.61 1 for this root datum is a minimal .fT— parabolic 
of 0. It is a Borel subgroup if and only if there exist Borel subgroups defined over K {i.e. (5 
is quasi split over K); this is equivalent to Iq = i.e. to 3p(<5) being a torus. 

3) The objects defined in ll.4l to ll.6l for the above root datum will bear a left or right index 
X, sometimes a left exponent . 



2.8 Comparison with a Weyl geometric realization 

1) With the notations in 12.41 4. 12.51 we may describe the positive K— facets: 
CI = {x G A*> | on(x) > 0,Vt G /} 

K C\ = {x G | KOiiix) > 0, Vi G K I} (relative interior of C% n ^A^) 
K A V = U w€k wv w. K Cl 
The K— facets in kC+ correspond bijectively to subsets k J of kI by setting: 

kF%( k J) = {x G ^Ay | K<Xi(x) > 0,Vi G K I\ K J and Kai {x) = 0,Vi G kJ}. 
so the definition of the K— facets uses the whole A A (not only k&)- 

Moreover kF+{kJ) is spherical if and only if kJ_ = U {i G / | T*i G kJ} is spherical, 
which is equivalent to kJ C K^re and rJ spherical in xlre ( as defined by the root system 
K <&) cf. |Ba96l p 163, p 175]. 

2) A Weyl geometric realization k-&%. = K, K A V ) of the combinatorial building 

Kyvc 

can be constructed using, for fundamental apartment and facets, subcones of the vector 
> 

space kA defined using A <3? (i.e. kW v ). The corresponding Weyl facets in the closure of the 
positive fundamental chamber are defined as: 

K F+(kJ) = {x G rA^ I KOii(x) > 0, Vi G xlreXxJ and KCti(x) = 0, Vz G rJ} for rJ C _ft-/ r e 
and the positive fundamental Weyl— K— apartment is K A V + = (J^e w v KJc K l re W - K F+{kJ)- 
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The building K <# v is the disjoint union of the Weyl—K— facets associated to the parabolics 
of ((5(if), (y K a) K a&K^i kZ); it contains k^ v by the following lemma. Its minimal facet is 
K Fl( K I re ) = (^) . 

3) Lemma. Let rJC xlre- 

a) The intersection K FV_(xJ) H rA v + is the disjoint union of the K— facets kF+{kJ') f° r 
kJ D kJ &nd kJ n K^re = kJ- 

Among these K— facets the maximal one (for the inclusion of the closures) is kFY(kJ), 

which is open in k F+(kJ); moreover k FY_(kJ) = rF+(kJ) + [rA )q. The minimal one 
corresponds to kJ' = U (rI \ K^re)- 

b) The Weyl—K— facet K F+(kJ) is spherical if and only if rF+(kJ) is spherical and then 
this K— facet is the only spherical if— facet in K FV_(xJ) H rA v + . 

c) The Weyl-K-facet K F"( K J) and all K-facets K F V in K Fl( K J) n K A\ have the 
same fixator P^(kJ) = Pk{kF v ) in &(K). Hence each K— facet of rJ'Y. is associated to a 
unique Weyl—K— facet in K J?Y; 



Proof. Let w.kC+ (with w G rW v ) be a closed if— chamber meeting K F+(k J), then w. K C+ 
meets K Fl( K J); so w € kW v ( k J) which fixes (pointwise) K Fl( K J). Hence w. K C\ D 
K Fl{ K J) C ~k~C% and K A\ n K Fl{ K J) C ^C^. Now a) and b) are clear. 

The fixator in <8(K) of kFI(kJ') contains the fixator P of rCJL, hence it is a parabolic 
subgroup of the positive BN— pair associated to the root datum in (8(if) i.e. of the form 
P.kW v (kJ")-P for some kJ" C RL re . It is easy to check that kJ" has to be kJ an d c) 
follows. □ 

4) So the Weyl— if— facets of K <#^c correspond to some if— facets of (^+) r and there is 
a good correspondence between spherical Weyl— K —facets and spherical if —facets. But, if 
xlre 7^ kI, some non-spherical if —facets correspond to nothing in K ^? c . So (<y v ) r is only 
a geometric representation of K J?+ C in the sense of the theorem, it is not really a geometric 
realization of it. Note also that, if ^ i re 7^ if i, the Weyl geometric realization of K <#+ c , 
constructed in 2) above, is not essential, even if J? v = J" vq is. 

The above results (and those in 12 . 9|) are well illustrated by example 13.4 in )Re02| . 

5) Remarks, a) In this example we see also that ^$ may be a classical (finite) root 
system, even if <I> is infinite. It may also happen that k& is empty (i.e. ssrkxi^) = 0); 
this is always the case when $ is infinite and \rI\ = 1 (see examples for if = R in the 
tables of [B3R95] ). Then 0(if) = K Z and (J v ) v is reduced to one if —apartment and two 
if— chambers (one of each sign). 

b) On the contrary, if $ is infinite, is always infinite and \rI\ > !■ 

c) Actually some vectorial facets (e.g. the minimal one Vo) are positive and negative. So 
to associate a maximal if —facet to a Weyl— if —facet, we may have to make a choice of a sign, 
at least if xlre ^ kF 

6) Lemma, let <& be an almost split Kac-Moody group defined over if' , with if' C if C E, 
E/K', K/K' Galois and (<S K ,E) as above (cf.\2^\4). 

a) Let k'A" C kA v C A" be respectively a if'— apartment in k'^ v , a K— apartment in 
K^ v and an apartment in .J' v (stable under Gal(E / 'if') or not). Then the if— facets or 
if'— facets are described in A 1 ' as in 1) above with help of kI or R'F 

b) The action of Gal(E / 'if') on ,J? V induces an action of Gal(K / 'if') on k^ v which may 
be extended (linearly and uniquely) to J? v . 
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Proof. There is a star-action of Gal(E/K) (resp. Gal(E / K')) on A v (and its vector space 
A^) and a subset Iq (resp. Iq') of / which describes entirely kA v (resp. k'A")] this is 
independent of the choice of A v , as different choices are conjugated |Re021 prop. 6.2.3 (i)]. 
They describe also the K— facets (resp. K'— facets), so a) follows. The action of Gal{K / K ! ) on 
K^ v = ®(K)-kA v is described through its action on k^ vc and its star action on kA v which 
may be extended (linearly and uniquely) to K A". So b) is a consequence of 3)c above. □ 

2.9 Imaginary relative root groups 

1) Let's consider K a G K A im . The sets (Z >0 . K a) (~l (jfA) and ( K a) = {j3 G A | K (3 G 
%>o-K&} are infinite |B3R95| 3.3.2]. 

We saw in 11.91 that <3e is embedded in some ind-group-scheme. If k& is positive (resp. 
negative) we can define in the pro-unipotent group-scheme ii r ^ a+ (resp. iX^ a ~) a pro-unipotent 
subgroup-scheme ^^ Q ^ such that the elements of UV^s = iV^ a ^ E (E) are written uniquely 

as infinite products: u = Y\pe( K a) Tl^i' 3 [ ex P]^P,j- e l3,j wnere ( e /3j')j=i,n^ is a basis of Qp 
(np = 1 for f3 real) and A^j G E. Moreover the conjugate of such an element u G UT^a by 

s G &(E) is U mKa) W]Z7 [exp}P{s).\pj.e P)j . 

We define the root group corresponding to kol as V Ka = UV^\ Cl & (K). 

2) Lemma. The group G = &(K) has an extra large (abstract) center: it contains Sz = 
{s G &{K) | K ai{s) = 1 , Vi € K Ire}- 

Proof. As &(K) is in the center of kZ and G is generated by ^-Z and the groups V KOL for 
KCt G k®, this result is a consequence of lemma l2~6l (i). □ 

3) Remarks and definition a) The schematic center of G, i.e. the centralizer in G of 
<8(K S ), is {s G T(K) | cti{s) = 1 , Vi G /} |Re02l 9.6.2]. Hence its intersection with G(K) is 
smaller than Sz in general. 

b) If kol G ^A, we can write uniquely ^-q = ±(Ylie I n i-KOti) with rii G Z>o We shall 
say that ^-a is almost real and write xot G i^A 1 " if and only if n,, = Vi G kI \ K^re- Hence 

= K^re C ifA r C A. This set jf A r is a system of roots in the sense of |Ba96| 2.4.1]. 

c) By the following lemma the non trivial root groups V Ka correspond to roots G k A r . 
So it is natural to abandon the K— facets (defined using xA) and to use the Weyl— if— facets 
of ES]2 (defined using K <$> or K A r ). 

We may define K A = { K a G K A I V Ka / {1} }, so K <f> C K Ac K ^ r (by the following). 

4) Lemma. If kol G ^A \ A'A r (hence kol G K^-im), then V Ka = {1}. 

Proof. Suppose S free, K infinite and kol G i^A\^-A r , then Vn G Z>o we have (n.^a)(5^) ^ 
{1}. But the conjugation by s G S*^ of an element of G (resp. UV^^) is trivial (resp. given 
by the formulae in 1) above). Hence V Ka = {1}. 

When S is not free we obtain the same result by using & xl cf. E2Ji. When K is finite, the 
(schematic) centralizer 3 of (3 is a K— quasi-split reductive group with & as maximal K— split 
torus; so 3 is a torus. Now 3 splits over a Galois extension of degree D. If L is an infinite 
union of extensions of degree prime to D, 6 is still maximal K— split over L and the wanted 
result is true over L. The result over K is then clear. □ 
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3 Valuations and affine apartments 

Definition 3.1. A valuation of a root datum [G, (C/ Q ) Qe $, Z) of type a real root system $ is 
a family (<p a ) a £$ of maps ^„:(/ a ->lU {+00} satisfying the following axioms: 
(VO) Vq£$, \<p a (U a )\ >3 

(VI) Va G $, VA G 1 U {+00}, C/ QjA = (^([A, +00]) is a subgroup of J7 Q and U a>00 = {1} 

(V2.1) Vq, /3e$,V«GC/ a \ {1}, \fv€Up\ {1}, 

V-V a (/3) (wi('u)f ?Ti(u) — ^ ) = ^(u) - /3(a v )(^ a (n) 

(V2.2) Va £ <5, Vi € Z, the map v i— > v?a( w ) — <j> a {tvt~ l ) is constant on J7 Q \ {1} 

(V3) For each prenilpotent pair of roots {a, /?} and all A,/i £ R, the commutator group 
[ka,A> i s contained in the group generated by the groups Upa+qp^x+q^ for p,q £ Z>o and 
pa + q/3 £ $ 

(V4) If a € $ and 2a G $, then (^2a is the restriction of 2ip a to L^a- 

Remarks. 1) This definition appears in |ChlH 10.2.1]. A weaker definition is given in [R0O6, 
2.2]; there axiom (V2.1) is replaced by axioms named (V2a) and (V5). In the classical case, 
both definitions are equivalent to the original one of |BrT72| 6.2.1], cf. |Chll| 10.2.3.2]. 
Actually (V2.1) is then the proposition 6.2.7 of |BrT72| . This definition may be extended 
to RGD-systems for a family (ip a ) a ^ nd : in (V3) just allow p and q to be in M>o; in (V2.1) if 
r a(/3) = A7 with A > and 7 £ & n d-, replace y> r<x (p) by \<py. 

2) We define A a = (p a {U a \ {1}) C R. From (V2.1) with a = ft, u = v we get A a = -A_ a . 
For u,u',u" as in Q (RD4) , we have <f- a (u') = <f- a {u") = -f a (u), fMl\ 11.1.11]. For 
A G 1, we set U (Xt x+ = y^QA, +00]) 

3) Let Q = Z$ be the Z-module generated by <I> and V q = (Q <g> R)*. Then using this 
(strong) definition one can build an action of the group N (defined in 11.61 1) over V q (this 
seems impossible with the weaker definition of |Ro06| ): 

Proposition 3.2. cf. lChll\ prop. 11.1.9, 11.1.10] There exists a unique action v q of N over 
V q by affine transformations such that: 

- Vi £ Z, v q {t) is the translation by the vector Vf such that cx(vt) = tp a ( u ) — Paitut" 1 ), 
VaG$ and Vu €U a \ {1}, 

- Vn £ N, v q (n) is an affine automorphism with associated linear map v q (n) = v v (n). 

3.3 Valuation for a split Kac-Moody group 

Let (3 = &s be a split Kac-Moody group over K, as in 11.31 We suppose the base field K 
endowed with a non trivial real valuation oj = ojk '■ AT — > 1RU {+00}. Its ring of integers (resp. 
maximal ideal, residue field) is O = Ok = a; -1 ([0, +00]) (resp. m = m^- = cj _1 (]0, +00]), 
K = O/m) and A = Ak = oj(K*) is its value group. An important particular case (the discrete 
case) is when A is discrete in R. 

Let u = x a (r) £ U a with a £ 3? and r £ K, we set ip a {u) = uj(r) GKU {+00}. 

Proposition. The family (y Q )ae* ^ s a valuation of the root datum {G,{U a ) a ^,T). 

Proof. Clear except for (V2.1) proved in [ChTTl 10.2.3.1]. □ 



Remark. We have A a = A, Va G 
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3.4 Affine apartments 

We consider an abstract valuated root datum as in 13.11 

1) Let V = A be a real vector space with <E> C Q C V* and (a^) ie i C V as in 11.214. 

For A G K and a € Q \ {0}, we define the affine hyperplane M(a, A) = {x G V | a(x) + A = 
0} of direction Kera, the closed half-space D(a, A) = {x G V \ a(x) + A > 0} and its interior 
D°(a, A) = {x G V | a(x) + A > 0}. For a G $ the reflection sm = s a .A with respect to 
M = M(a, A) is the affine reflection with associated linear map sm = s a and with fixed point 
set M. 

We suppose V endowed with an action v of N such that, Vn G TV, z/(n) is an affine 
automorphism with associated linear map v{n) = u v (n). We ask moreover that, for a G 4> 
and u £ U a \ {1}, u(m(u)) is the reflection s ai¥ , a ( u ). We write Zo =Kerz/ C 

Then t £ Z = K.er(u v ) acts on V by a translation of vector t^. The action v commutes 
with the translations by Vq and the induced action on the essential quotient V q = V/Vq 
is v q as defined in proposition 13.21 as m[tut~^) = im(u)t _1 , we have clearly a(vt) = 
ip a (u) - if a (tut~ l ). 

As a consequence, Vn G iV, Va G $ and Vu G U a \ {1} we have v(n).D(a,<p a (u)) = 
D(v v (n).a, y?j,«( n ) . a (nim -1 )) and the same thing for the walls |Chll| 11.1.10]. 

For v G V, we may define a new valuation (equipollent to 99) by = <p a ( u ) + Oi(u) 

for a G This corresponds to choosing for V a new origin 0^' = v. 

2) Definitions, a) A wall (resp. an half- apartment) in V is an hyperplane (resp. a closed 
half-space) of the form M(a,ip a (u)) = V m ^ (fixed point set) (resp. D(a,<p a (u)) with a G $ 
and u £ U a \ {1}. The action v oi N permutes the walls and half- apartments. 

b) The affine apartment A is V considered as an affine space and endowed with its family 
j$ of walls and the corresponding reflections. It is called semi-discrete if, Ma G the set 
of walls of direction Kera is locally finite, i.e. if A a is discrete in M. Its essentialization is 
A e = A/Vo endowed with the image of the family A4. 

A preorder is defined on A or A e by x < y <J=> y — x G 7+. 

c) An automorphism of A is an affine bijection ip : A — >• A stabilizing the family ^# of walls 
and conjugating the corresponding reflections. We ask also that its associated linear map Ip 
stabilizes $ (this is automatic in the semi-discrete case with $ reduced and A a independent of 
a) and the union 7+ U 71 of the Tits cones (this is automatic in the classical case). Then Ip 
normalizes the vectorial Weyl group W v and transforms vectorial facets into vectorial facets. 

d) We say that an automorphism ip is positive (or of first kind) (resp. type-preserving) if 
~<p(T±) = 7± (resp. Ip preserves the types of the vectorial facets). 

e) The (affine) Weyl group W a = W a (A) of A is the subgroup of Aut(A) generated by the 
reflections sm for M G Its elements are called Weyl- automorphisms of A. 

f) An apartment of type A is a set A endowed with a set Isomw(A, A) of bijections / : 
A — > A (called Weyl isomorphisms) such that if /o G Isom\y a (A, A), then / G Isom\ya(A, A) 
if, and only if, there exists w G W a such that f = fo w. 

g) An isomorphism between two apartments A and A' is a bijection (p : A — > A' such that 
for some /q G Isomw a (A, A) and /q G Isomw a (A, A') (the choices have no importance) the 
map (/q)" 1 P /o is an automorphism of A. We say that this 99 is positive, type-preserving 
or a Weyl isomorphism if (/q)^ 1 P° fo is positive, type-preserving or a Weyl automorphism; 
compare with |Roll| 1.13]. 
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3) Remarks, a) By definition N and W a act on A by positive, type-preserving automor- 
phisms. The Weyl group W a is a normal subgroup of v{N). They are not always equal. 

b) If p is an automorphism of A, ~T$ stabilizes $ and 7+ U71; so, up to W v , stabilizes 
the basis (aj)jg/ and X or (a^), g /. The induced action on I preserves the Kac-Moody matrix 
M and its Dynkin diagram (it is a diagram automorphism); it is trivial if (p is type-preserving. 
In particular when p is positive and type-preserving we have Ip G W v . 

c) We define G (resp. N $ ) as the sub group of G (resp. N) generated by Zq and the 
groups U a (resp. by Zq and the m(u), u G U a \ {1}) for a G <J>. It is normal in G (resp. iV) 
and G = G .Z (resp. iV = iV .Z). By definition v{N % ) = W a and even N® = u~ l {W a ) is the 
group of Weyl automorphisms in N. We set Z = A^ PI Z which is normal in Z. 

By |BrT721 6.1.2 (12)] (G , (t/ a ) ae $, Z ) is a generating root datum of type The 
associated group "N" (as in 11.61 1) is iV . Comparing the refined Bruhat decompositions 
IjTBl l) of G and G, we obtain G n JV = N®. Compare with |RoTTl 6.2]. 

4) Imaginary roots We consider moreover a set Aj m in V* of imaginary roots with 
Aj m n (U ae $ Ma) = and Aj m VK^-stable; we write A re = $ and A = $ U A» m . The best 
example for A is a root system as in |Ba96| with <$ as system of real roots (it can be e.g. the 
root system generated by $ as in 11.11 3 or, if <E> = the system #-A as in 12. 5p . The totally 
imaginary choice A** for A corresponds to Af m = V* \ (U Qg $IRa). 

We say that A is tamely imaginary |Roll| 1.1] (resp. relatively imaginary) if Aj m = A^U 
A7 m with ^'-stable sets A ± im = ±(A n (e ie / R+a*)) (resp. A ± im = ±(A n (0 ie / A R+a/)), 
where /a 3 I is finite and (aj)j£j A is free). Remark that #-A (as defined in 12.51 2) is always 
relatively imaginary and is tamely imaginary if and only if it is equal to kA t : 12. 91 3b. 

For all a G Aj m , we consider an infinite subset A a = — A_ a of R. We define the system 
M l of imaginary walls as the set of afiine hyperplanes AI (a, A) for ot G Af m and A G A a 
(actually the real walls are given by the same formula for a G $). We ask that these walls are 
permuted by v(iV) D VF a , more precisely A wa = A a , Vu> G v(N). 

For a G A and A; G M, we sometimes say that M(a,k) (resp. D(a,k)) is a true or ghost 
wall (resp. half-apartment), according to the fact that k G A a or k G" A a . 

5) Remarks, a) Actually these imaginary roots or walls will be used only to define 
enclosures, hence facets and chimneys (|3.6j) . It would be possible to modify the vectorial 
facets (hence the sectors, facets, chimneys,...) with A^ m (as in !2.8p in the relatively imaginary 
case (this changes nothing in the tamely imaginary case). But it seems useless for us: see 
[2791 4 and section [6] 

b) Let (p be an automorphism of A. then Ip stabilizes A^ and A~ m or exchanges them if 
ip is a Weyl automorphism (by definition) or if A is generated by $ |Ba96| 4.2.15, 4.2.20 and 
2.4.1]. We say in general that p is imaginary- compatible if "^(A^J = Af m and ip permutes 
the imaginary walls (automatic e.g. if A a = R, Va G Aj m ). 

3.5 Affine apartments for a split Kac-Moody group 

We consider the group and valuation as in 13.31 

1) We can build easily examples of pairs (V,u) as in 13.41 1. We choose a commutative 
extension of RGS p : S -> S' = (M, Y', (a-); e i, (a- v )ig/ with S' free and we set V = Y' ® R. 

There is an action z/y of T over V by translations: for t G T, z/^(t) is the translation of 
vector i*r(i) such that x{ v T{t)) = — w (x(^)) f° r X G -X 7 an d X = V*(x) £ m other words 

is the map — (99 ® w) from T = Y ®% K* to V = Y' ®i M.. This action is equi variant. 
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By |Ro06| 2.9] there exists an affine action v of N over V whose restriction to T is vt and 
satisfying the properties asked in 13.41 1, Actually N/Keivx is a semi-direct product by Keri*r 
of a group isomorphic to W v and generated by the images of m(x ai (±1)) for i £ I. This last 
group will fix the origin of V. 

For S' we may choose Smtti, S l or (if S is free) S itself. We get thus V = V q , V xl or V x 
and corresponding affine apartments A = A q ,A xl or A x 

2) Remarks. Suppose (V,v) as in 1) above. 

a) The kernel Z =Ken> T = Kerv of v contains the group 1(0) = Y <8> O* ~ (0*) n of 
points of T over O. It is actually equal to it except when the image of the map <p* : X' — > X, 
X i— > X has infinite index i.e. when ip is not injective. 

b) We have v(N) = W v x (Y ® z A) and W a = W v X (QV ^ z A), where F (resp. QV) is 
the image by 99 of y (resp. Q v = X^ie/ ^ a i / ^- ^0 m V- ^° there is equality in the simply 
connected case (in a strong sense: Y = Q w ) and only in this case when ip is injective {e.g. 
V = V or V = V x ) and oj discrete. 

3) General affine apartments a) We consider now any pair (V,v) as in 13.41 1. But we 
add the condition (useful in section [5]) that the kernel Zq = Kerz/ contains T(O). We speak 
then of a suitable apartment for (©5,^5); apartments defined in 1) are suitable. 

Then z/| induces a Z— linear map V : Y" ® A — )• 1/ and this map sends q^ 7 ® A to 
-Aq 4 v : a 4 v A is the class modulo 1(0) of a 4 v (r) € T(AT) with w(r) = A. But af(r) = 
m(x-a i (l))~ 1 .m(x- ai (r)) by |Rol2| 1.5, 1.6], so by the hypothesis in 13.41 1. v{a^{r)) = 
s_ Qi) o s_ Qij£J ( r ) which is the translation of vector —Xa)-. In particular the Z— linear relations 
between the in Y are also satisfied in V. 

By 13.41 1 and 13. 3| we have also a(V(y (8 A)) = —a{y).\. 

b) We choose A im as in03 i.e. generated by $ |K90l 5.4], |Ba96| 2.4.1]. We have A Q = A, 
Va € $ and we set A a = A, Va € Aj m . The system A4 of walls is discrete (resp. semi-discrete) 
if and only if we are in the classical discrete case (resp. if the valuation is discrete). 

If ip is an automorphism of A and a € A, A G A, then x E ip{M{a, A)) <J=^ = 
a(y -1 (x)) + A = a(( / 9~ 1 (0)) + lp{a){x) + A. So <£>(M(a, A)) is a (real or imaginary) wall (of 
direction Ker"^(a)) if and only if a((/2 -1 (0)) € A. By hypothesis this is true for a € <!>, so 
this is also true for a G Aj m C Q; hence <p permutes the imaginary walls. Therefore any 
automorphism of A is imaginary-compatible. 

3.6 Enclosures, facets, sectors and chimneys 

We come back to the general abstract case of 13.41 the following notions depend only on A 
(with M) and M l . 

We consider filters in A as in |GR08| or |Ro08| . |Roll| . |Rol2| . The reference for the 
following is |Rol2| or |Roll| . The support of a filter in A is the smallest affine subspace in 
A containing it. We identify a subset in A to the filter whose elements are the subsets of 
A containing this subset. We use definitions for filters (inclusion, union, closure, (pointwise) 
fixation or stabilization by a group) which coincide with the usual ones for sets when these 
filters are associated to subsets. 

1) If F is a filter in A, we define several types of enclosures for F (corresponding to 
different choices for the family of real or imaginary walls) cf. |Rol2| 4.2.5]: if V C A and 
Va G V A a C A' a C M, cl^,(F) is the filter made of the subsets of A containing an element 
of F of the form C\ a< ^p D(a, X a ) with, for each a G V, X a G A^ U {+00}; in particular each 
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D(a, X a ) contains the filter F i.e. is an element of this filter. When = A Q (resp. = K) 
Va, we write cl v := cl\ (resp. cl^ := d% f ); when = A a Va G $ and A' a =!VaG A im we 
write c(^ na := cZj^,. 

We define cl*(F) (resp. cl*(F)) as the filter made of the subsets of A containing an element 
of F of the form n*? =1 Aj) for ^ G $ and Xj € A ft . U {+00} (resp. Xj G iU {+00}); cl# 

is the enclosure map used by Charignon [ChlH sec. 11.1.3]. 

In |GR08| (resp. |Roll| or |Rol2| ) one uses cZ A (resp. cZ A a , cZ A , cl®, cZ* or cZ A , cZ*, cZ#) 
under the names cZ (resp. cZ, cZr, cZ sl , c/^ or cZ, cl sl , cl*). 

One has: cZ#(F) D c/*(F) D cZ A (F) D cZ A a (F) D cZ A (F) D cZ A ' l (F) = cdnv(F) (closed 
convex hull), cl^(F) D cl^(F) D cZ A (i ? ) and some other clear inclusions. 

The maps cZ A " = conv, cZ*,cZ^, cZ^, cZ* (resp. cZ A , cZ A * 1 , cZ A a , cZjjj) are equivariant with 
respect to automorphisms (resp. imaginary-compatible automorphisms) of A. 

In the following, we choose one of these enclosure maps which we call cZ. We say that F 
is enclosed or cl— enclosed if F = cl{F). 

2) A local- facet is associated to a point x in A and a vectorial facet F v in A ; it is the filter 
F l (x,F v ) = germ x (x + F v ) intersection of x + F v with the filter of neighbourhoods of x in A. 

The facet or cl— facet associated to F l (x,F v ) and the enclosure map cl = ct^, (resp. 
cl = cl* or cl = elf) is the filter F(x, F v ) = F%(x,F v ) (resp. F*(x,F v ) or F*(x,F v )) made 
of the subsets containing an intersection (resp. a finite intersection) of half spaces D(a, X a ) 
or D°(a, Aq,) (at most one X a G A„ for each a € V) (resp. with a G $ and A a G A a or A G M) 
such that this intersection contains F l (x,F v ) i.e. a neighbourhood of x in x + i 71 ". 

The closed-facet F(x,F v ) is the closure of Ffo-F"), also F(x,F v ) = cl(F(x,F v )) = 
cl(F l (x,F v )). Note that F l = F A " C F^ C F* = F* = F l + V and F~ l = cPjc 
F^=F#=F l + V , where V is as defined in Ol4. 

These facets are called spherical (resp. positive, negative) if F u is. When F v is a vectorial 
chamber, these facets are chambers hence spherical. 

3) A sector (resp. sector-face) is a V— translate q = x + C v (resp. f = x + F v ) of a vectorial 
chamber C v (resp. vectorial facet F v ). A shortening of a sector or sector-face f = x + F v is 
a sector or sector-face f = x' + F 13 included in f. The germ of a sector q = x + C v (resp. 
sector-face f = x + F v ) is the filter £2 = g , erm 00 (q) (resp. 5 = fi , erm 00 (f)) made of the subsets 
containing shortenings of q (resp. f). The direction of f = x + F v or of its germ is F 11 , its sign 
is the sign of F v . When F v is spherical, we say that f and # are spherical or splayed ("evase" 
in [Roll] or |Rol2| ). The vertex x of f = x + F v is well defined by f when A is essential. 

4) A chimney or cl— chimney is associated to a facet F = F(x, Fq ) (its base) and a vectorial 
facet F v ; it is the filter x(F, F v ) := cl{F + F°) = cl(F l (x, Ffi) + F v ) =: x(F l ,F v ) (containing 
cl(F) + F~" = F + ~F»). \icl = cl v k ,, we write r v k , (F, F v ) = t(F, F v ). 

A shortening of t(F, F 1 ') (with F = F(x,Fq)) is defined by £ G F^, it is the chimney 
t(F(x + £, Fq )j F v ). The germ of this chimney is the filter 9\(F, F v ) made of the subsets 
containing a shortening of x(F,F v ). The direction of x(F,F v ) or £K(F, F v ) is F' - ', its sign is 
the sign of F v , it is said splayed if F^ is spherical and solid (resp. full) if the direction of its 
support has a finite fixator in W v (resp. if its support is A). 

For example the enclosure cZ(f) of a sector-face f = x + F v is a chimney of direction F v ; 
its germ is splayed if and only if f is spherical, it is full if (but not only if) it is a sector. A 
facet is a chimney and a chimney germ with direction the minimal vectorial facet Vo = F±(I); 
it is splayed or solid if and only if it is spherical, it is full if and only if it is a chamber. 
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N.B. In |Ro77| a chimney is a specific set among the sets of the chimney as defined above, the 
chimney germs are the same. In |CaLll| P.E. Caprace and J. Lecureux introduce (generalized) 
sectors in any combinatorial building; in the classical discrete case for A, these sectors are the 
enclosures of a facet and a chimney germ. 

3.7 Bordered apartments 

Following |Chll| . we shall add to A some other apartments at infinity see also |Roll| . 

1) Fagades : For F v a vectorial facet in V, we consider the sets A m (F v ) = {a € A j 
a(F v ) = 0} and <S> m (F v ) = $ n A m (F v ) of roots. They are clearly systems of roots: if 
F v _ p v (J), then A m (F v ) = A m (J) and $ m (F u ) = $ m (J). 

We define A™„ as the affine space V endowed with the set ^(F v ) = {M(a,X) \ a € 
&(F V ),\ € A} of walls, the corresponding reflections and ^ l (F v ) defined similarly using 
A(F V ). Its points are written (x,F v ) with x € V. The essentialization A™, of A™ is the 
quotient of V by the vector space F generated by F v (with the corresponding walls and 
reflections); the class of x € V in A^„ is written [x + F v \. 

When Fi € F v * i.e. F v C Fj", we have F^ C F^ ; so there is a projection prp» of Ap v onto 
Ap v : prpv([x + i 7 "]) = [x + i 7 ^]. We also write prpv the evident map from A^ e „ onto A^, or 

Following jCIill] . we say that Ap v (resp. A^) is the (essential) facade (resp. non essential 
facade) of A in the direction F v . A fagade is called spherical (resp. positive or negative) if its 
direction is spherical (resp. positive, or negative). The same things as in 13.61 may be defined 
in each fagade. 

2) Bordered apartments : Let A (resp. A 6 ) be the disjoint union of all A^, e „ (resp. A|,„) 
for F v a vectorial facet in V and let A be the disjoint union of A and all Ap v for F v a non 
trivial vectorial facet in V. Then A (resp. A e , A*) is the strong (resp. essential, infective) 
bordered apartment associated to A; its main fagade is Ao = A (resp. A e , A) of direction the 
trivial vectorial facet Vq = F±{I). 

In the following we set A = A (resp. A e , A*), A pv = A F % (resp. A^„, A F %), etc. 

For x 6 A, we write F v (x) the direction of the fagade containing x. For e = ±, A" 
(resp. A^h) is the union of the fagades of sign ± (resp. the spherical fagades) in A and 
X P h = & n~A sph . 

To each wall M(a, A) or half-apartment D(a, A) is associated a wall M(a, A) or half- 
apartment D(a, A) of A: V-F", M(a, A) n A^„ (resp. D(a,X) nA f „) is the projection of 
M(a, A) (resp. D(a, A)) on A^„ if ct{F v ) = 0, the empty set if a(F v ) < and the empty set 
(resp. A Fv ) if a{F v ) > 0. With these definitions we may define enclosures cl{Q) in A. 

The essentialization of A is A 6 , which is the bordered apartment defined in |Chll| . We 
shall focus on A*, as A e is A* if we choose V = V q . 

The set A^ ph is the microaffme apartment of sign e as in |Ro06| (in its Satake realization). 

The corresponding object A sph is closer to the apartments of |Ro06| 2.3]. 

3) Links with sector-face germs and chimney germs : There is a one to one 

correspondence between the points of A and the sector-face germs in A. To $ = germ^x + 
F v ) corresponds the class [x + F v ] of x modulo F^' in Apv, also written [J]- When A = A q is 
essential, the points in A correspond bijectively to the sector-faces in A. 
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By definition Apv itself is an affine apartment with walls defined using & m (F v ). The 
closed-facets in Apv correspond bijectively with the chimney germs of A of direction F v . To 
9\ = fR(F, F v ) corresponds the closed facet [!SH] which is the filter made of the subsets in Apv 
containing { [$] \ $ C X} for some subset £ of A containing 9^. 

Actually 9\ is splayed (resp. solid, full) if and only if [9t] is in a spherical fagade (resp. is 
spherical in its fagade, is a chamber in its facade). 

4) Topology : On A* (or A e ) one can define a topology inducing the affine topology on 
each fagade and such that A (or A ) is the closure of Ao = A (or A e ) which is open in A (or 
A") |ChTT1 11.1.1]: 

For a non trivial vectorial facet F v , x G A and U an open subset of A containing x, we set 
V(U, F v ) = (U + F v ) U { [3] | £ C U + F v }. When x, U vary but F v and germ^x + F v ) are 
fixed, we get a fundamental system of neighborhoods of [x + F v ] in A* (or A e ). 

For this topology the closure Apv of a fagade Apv (with F v non trivial) is the union of the 
fagades Apv for F^ G F v * i.e. F v C F"; we take this for definition of Apv when A = A. In the 

classical case, A is a compactification of A called the Satake or polyhedral compact ification, 
see e.g. |Ch08| . 

5) Automorphisms : Any automorphism ip of A may be extended to an automorphism 
Tp of A. For A* or A e the image of [x + F v ] G Apv is + "^(F 1 ")] G A^^ and is 

continuous. For A, Tp(x,F v ) = (ip(x),^(F v )). Automorphisms permute the fagades. 

In particular, the action v of N on A may be extended as an action on A which is also 
written v. 

4 Hovels and bordered hovels 

4.1 Wanted 

Let G be a group, A a subgroup and i/ an action of N over some space A. We want a space 
,y containing A as a subset and an action of G on / such that G.j4 = ^ ', A is stable under 
N and the induced action is v. 

Following F. Bruhat and J. Tits |BrT72| 7.4.1], a good way to get it, is to define J* as a 
quotient: 

/ = Gx Aj ~g with (<?, x) ~q (h,y) <^=^ 3?i G such that y = v(n).x and g~ 1 hn G Q(x) 

where Q = (Q(x)) x eA is a family of subgroups of G. 
The action of G on / is induced by the left multiplication on G, we have a map i : A — > ^ : 
for x £ A, i(x) is the class of (l,rc). 

We are interested in the groups G and A as in 13. II and an action u as in 13.41 1 or 13.71 5: as 
in |ChlO| . |Chll| we skip a possible generalization to RGD-systems. We shall now precise the 
conditions on the family {Q{x)) x ^a, following |Chll| 11.2.1 and 11.3]. 

4.2 Families of parahoric subgroups 

1) Let A = A be A, A e or A* and v the corresponding action of A. For a family 
Q = (Q(x)) X £A, we then write = G x A/ ~g, it is the bordered hovel associated to 
the situation. The (bordered) apartments of are the sets g.i(A) for g G G. 

For a subset or a filter $7 in A (resp. A), a G $ and ^ C <3?, we define D(a,£l) = 
D(a,sup(-a(fi))) (resp. D(a,fi) = 25(a,fi) n A), I7 a (n) = {n G ?7 a | O C D(a, ¥>«(«))} 
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(hence U a (y) = U a _ a{y) ), A(fi) = {n e N \ n fixes fi}, G(*,fi) = (U a (Q) \ a € *) and 
G(fi) = G($,fi), written % in |GR08| § 3.2] or |Rol2| 4.6a]. As in these references we write 
:= G(<l> + ,fi) C U£ := U + n G(fi) and the same things with -. It often happens that 
U++ ^ C/+ |RoT2l 4.12.3a], see alsoEIIj4 below. 

It is clear that JV(fi) C N(F V ) normalizes G(fi) and C7 (F v ) and that G(fi) C G($(F V ), fi) C 
P(F") normalizes [/(F 1 '), if finA F « / 0. We always have G(*, fi) = G(f, c/ # (fi)). When 
fi = 0, we have G = Z o .G(0). For fi ^ 0, the group A^ in = iV n G(fi) is normal in iV(fi). 
Its image W^ tn by f is in W a and generated by the reflections with respect to the (true) walls 
of A containing fi. This group W™ n is isomorphic to its image Wq in W v |GR08| § 3.2]. 

2) Definition. A family Q = (Q(x)) x ^ of subgroups of G is a family of parahoric subgroups 
if it satisfies the following axioms: 

(For the convenience of the reader, we give to axioms the names in |Chll| and shorter names.) 
(PI) (para 0.1) For all x G A, U(F v (x)) C Q(x) C P(F v (x)) 
(P2) (para 0.2) For all x G A, N(x) C Q(x) 

(P3) (para 0.3) For all x € A, for all a € for all A € R, if x € £>(a, A), then E/ a)A C Q(x) 
(P4) (para 0.4) For all x € A, for all n £ N, nQ(x)n~ 1 = Q(u(n).x). 

If fi is a subset of A, we define Q(fi) = flxeo Q( x )- If fi is a filter in A, we define 

3) Easy consequences, a) Axiom (P4) tells that ~g is an equivalence relation [I.e. , 
11.3.2]. By axiom (P3), U a \ fixes (pointwise) D(a,\). Axiom (P2) tells that the map 
i : A — > J> is A— equivariant, but it is not clearly one to one, cf. 14.31 2 below. 

b) [I.e. , 11.3.8] The fixator of i(x) € i(A) in G is G x = Q(x). More generally for a subset 
or filter fi in g.i(A) C J' , we define Gq = G;(fi) as the fixator g.Q(g~ .fi).</ _1 of fi. 

For x £ A and g € G, if g.iix) € i(A), then there exists n £ N with g.i(x) = n.i(x). For a 
subset or filter in A, the set G(fi C A) = {g € G \ G.i(fi) C i(A)} is equal to f] xGn NQ(x) 
(if fi is a set) or U^'eft G(fi' C A) (if fi is a filter). 

For all x 6 Q(x) is transitive on the apartments containing x. 

c) If F v is a vectorial facet of A", axiom (PI) tells that the map P(F V ) x Apv — > 
induces a map G(F V ) x Apv / j^, where is the equivalence relation defined using 
<2| A ^ and N(F V ). This map is one to one, as y = u{n).x with x,y G A^ and n G N implies 
n e F N(F v ) = NC\P(F V ). 

The image of this map is the facade J'pv of in the direction i* 1 ". In particular the main 
facade of is the /icweZ J? = G x A/ ~ where ~ is defined using Q| . and A". Actually each 
facade J^i> is an hovel, the main facade of J^pv = M™ c ™, -J'pv associated to Apv 

and the valuated root datum (G(F V ), (U a ) ae ^mf F v\, Z, ((p a )ae$> m (F v ))- 

d) By (PI) and (P3), if fi C Apv is non empty, then G{<f> m (F v ),n) C G(fi) C U(F°) x 
G($ m {F v ),n) C Q(fi) = C/(F") x (M(F")_nQ(n)). 

e) If Q is a family of parahorics and i£A, then Q{x) D P(x) := {N(x),G(x), U(F V (x))) = 
N(x).G(x).U(F v (x)). So it is clear that V = (P(x)) x ^ is the minimal family of parahorics. 
In the classical (= spherical) case it is the right family; this is the reason for axiom (P6) below. 
But it is not clear in general that V satisfies axiom (P5) below. Note that, even for x € A, 
P(x) is seldom equal to P x , as defined in |Rol2l 5.14] or |GR,08I 3.12]. 

4) Definition. A good family of parahorics is a family Q of parahorics satisfying moreover: 
(P5) (para inj) For all x G A, N(x) = Q{x) n N 
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(P6) (para sph) For all x £ A, if F v {x) is spherical, Q(x) = P(x) i.e. Qi-t- = Vij- 

'^sph '*^sph 

(P7) (para 2.2)(sph) If F v is a spherical facet, F? C ~F" and x G 
then NQ(x) n NP(F V ) = NQ({x,pr F v(x)}). 

5) Definition. A very 500c? family of parahorics is a good family Q of parahorics satisfying 
moreover: 

(P8) (para dec) For all x G A, for all chamber C v G F v (x)*, 

Q(x) = (Q(x) n U(C v )).(Q{x) n [/(-^))JV(x) 
(P9) (para 2.1+)(sph) If F v is a spherical facet, Ff C F^ and x G A F « 
then Q{x) n P(F") = Q(x + F v ) 
where x + F v = pr F ^{x\ + F") for any xi G A with pr F v(x\) = x and x + F v is the union of 

the sets pr F v(x + F» + F% ) for F? C~F% CF" (it is the closure of x + F 1 ' when A = A~ e or A*). 

(P10) If x < y or y < x in Ajtd, then Q(]x,y]) C Q{x) i.e. Q(]x,y]) = Q([x,y]) 
where ]x,y] = [x,y] \ {x} is an half-open-segment. 

6) Remarks, a) (P8) is an important tool for calculations. (P7) and (P9) give links 
between Q and Qi^- which is well known by (P6). 

b) By [I.e. , 11.9.2] a consequence of (P9) is the following condition: 

(P9-) (para 2.1+-)(sph) If F v is a vectorial facet and g G U(F V ), there exists x G A such 
that g G Q{x + C v ) for all chamber C v G F°*. 

c) For x, F v = F v (x) and C v as in (P8), suppose 1 ^ A i.e. P non trivial. Then we 
have Q(x) n U(C V ) = (Q(x) n M(F U ) n U(C V )) x U(F V ). Now, by the uniqueness in Birkhoff 
decomposition (H2J2), p (^) n U(-C v ) = M(F V ) n I7(— C*) = M(-F v ) n C/(-C™) which 
is a "maximal unipotent" subgroup (opposite M(F V ) fl U(C V )) in M(F V ) = M(—F v ); hence 
Q(x) n t/(-C™) = Q(x) n M(-F") n f7(-C). Now, if F" is spherical, we can give another 
explanation: M(F V ) n f7(-C"0 = M(F V ) n J7(C^) where is the chamber opposite to C u 
in F w ; so Q(x) n C/(-C™) = Q(x) n M(F U ) n tf(C^). 

d) Except (P9) all axioms impose relations between a single facade Apv and the spherical 
fagades A^ for Ff G F v * . We may fix Fq and take 1 £ Ap» U A sp h m the axioms, then we 
get the same results. So, starting with 14.4] we shall use actually a family Q of groups Q(x) 
for x G A U A sp h with the corresponding axioms. 

e) A priori a good family of parahorics has no property of continuity. This is the reason of 
the (weak) axiom (P10). But without it everything in this section is still true (except when 
the contrary is explicitly told). This axiom (P10) is satisfied by the minimal family V. 

f) If Q is a very good family for {G, {U a ) a £^, Z, (<£ a ) ae $) then we define Q (x) = Q(x)nG . 
We have Q(x) = Q®(x).N(x) (by (P8)) and is a very good family of parahorics for 
(G®, (U a ) a £®, Z®, (<p a )ae®) (defined in 13. 41 3c). The two bordered hovels associated to A and 
{G, Q) or (G®, Q®) are canonically isomorphic. 

4.3 Bordered hovels associated to good families 

We explain now some of the abstract results of |Chll| (or )ChlO| ). So let Q be a good family 
of parahorics (if it exists) and be the associated bordered hovel. 

1) By Bruhat-Tits theory and (P6) Q is well known on the spherical fagades [I.e. , 11.2.3]: 
e.g. the results of (P8) and (P9) are true when F v (x) is spherical, for (] in a spherical fagade 
Apv, Q(fi) = U(F V ) x (N(n).G(<S> m (F v ),n)) = N(n).Q(cl* (n)) and G(ficA) = JV.Q(fi). 
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Actually for F v spherical ^pv is the Bruhat-Tits building of the classical valuated root 
datum (G(F v ),(U a ) 

ae$ m (F v )i Z, ((Pa)ae$ m (F v )) (with the facets associated to cl). 

2) The minimal family V satisfies also (P5) and (P6). Axiom (P5) tells us that i : A — > ,y 
is one to one [I.e. , 11.3.4]; we identify A and i(A). The stabilizer of A in G is N [I.e. , 11.3.5]. 

3) Iwasawa decomposition [I.e. , 11.4.2]: For a chamber C v or a facet F v in A" and a 
facet F C A, we have G = U(C V ).N.G(F) = U(F v ).N.Q(cl*{F)) = U{F V ).N.Q(F). 

4) Bruhat-Birkhoff-Iwasawa decomposition [I.e. , 11.5] : Let F\ C Apv and F2 C Ap* 

be two facets with F? or F% spherical. Then G = U(F?).G($ m (Ff), Fi).A^G($ m (F|), F 2 ).U(F%) = 
Q(cl*(F 1 )).N.Q(cl*{F 2 )) = Q(F 1 ).N.Q(F 2 ). If F]_and F 2 are facets in ~J and F x or F 2 is in 
a spherical fagade, then there is an apartment of J? containing F\ and F 2 (even cl*(F\) and 
d#{F 2 )). _ 

5) Projection : Let F v be a spherical facet and Ff C F v . Then, by (P7), the projection 
prpv of Apv onto Apv extends to a well defined map prpv : ,J>pv — >• J>p v between the 
corresponding fagades. For each g G G, g.prpv(x) = pr g Fv(gx) [I.e. , prop. 11.7.3]. 

6) If A = A e , then (P8) is satisfied by any good family of parahorics [I.e. , 11.7.5]. 

7) Let Q be a good family of parahorics for A = A e , satisfying moreover (P9) or (P9-). 
Suppose C A is in A E and intersects non trivially A £ sph or intersects non trivially A^ ph and 
A sph . Then G(Q C A) = N.Q(£l), hence Q(£l) is transitive on the apartments containing 

If $7 intersects non trivially A^ ph and A sph , then Q(Q) = N(tt).Q(cl#(Q)) : c/ # (0)(and also 
cZ(O),...) is well defined in J? independently of the apartment containing $7. [I.e. , section 
11.9.2] 

8) One can find in loc. cit. many other implications between the various axioms. Actually 
Charignon introduces also useful notions of functoriality i.e. the possibility of embedding the 
valuated root datum in greater ones, with arbitrarily large subsets A a of M. and various good 
compatibilities. We shall not explain this, as it is more natural in the framework of split 
Kac-Moody groups over valuated fields on which we shall concentrate in the next section. 

Proposition 4.4. Let Q be a good family of parahorics satisfying (P9) and Q be a non empty 
subset or filter in A. 

a) Let F v C C v C A 1 ' be a spherical vectorial facet in the closure of a chamber and 
Qi, • • • ,a n G $ be the non divisible roots such that a(C v ) > and a{F v ) = 0. Then: 

Q(fi) n P(C V ) = (Q(fi) n u{C v )) x z 

Q(n) n u(c v ) = (Q(n) n u(f v )) x (Q(n) n u(c v ) n m(f v )) 

and Q(Q) fl U(C'°) fl M(F V ) = U ai (fl). ■ ■ ■ .U an (Q) with uniqueness of the decomposition. 

b) Let C v C A 1 ' be a chamber. Then the set Q dec (Q,C v ) = (Q(Q) n U(C v )).(Q(n) n 
U{ — C V )).N({1) depends only of the sign of the chamber C v . 

N.B. 1) So we define Q dec (Q, e) = Q dec (Q, C v ) if C v is of sign e. 
2) By (P9) Q(fi) n U(F V ) C Q{U + C^) for all C v G F v *. 

Proof, a) We have P(F V ) = U(C V ) x Z, U(C V ) = U{F") x (U(C v )nM(F v )) and, by Bruhat- 
Tits theory (|4.3I 1). U(C V ) CiM(F v ) = U ai . ■ ■ ■ -U an (unique). Using these uniqueness results, 
we have just to prove a) for Q = {x} and x G A. We write x' = prpv(x). 

By (P9) and 01 Q(x) n P(F V ) = Q(x + F v ) C Q(x') = U(F V ) x (Q(x') n M(F")) and 
Q(x') (~1 M(F V ) = U ai (x). ■ ■ ■ .U an (x).U- ai {x).--- .U. an {x).N{x') |BrT721 7.1.8], So Q(x') n 
M(F V ) n t7(C u ) = C/ ai (x). • • • and Q(x') n M(F V ) n P(C U ) = I7 ai (s). • • • .C/ a?l (x).Z 
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(by uniqueness in the Birkhoff decomposition [L6l 2.). And, as each U ai {x) is in Q(x), we get 
what we wanted. 

b) Any two chambers of sign e are connected by a gallery of chambers of sign e. So one 
has only to show that Q dec (Q,C v ) = Q dec (Q,r a (C v )) when a € 3> is simple with respect 
to $+(C u ). We consider F v = C^nKera and apply a). But U a {Q).U- a {Q).N(Q+Kexa) = 
U- a (tt).U a (tt).N(n+Kera) by |BrT721 6.4.7]; so the same proof as in |GR081 3.4a] applies. □ 

4.5 Good fixators 

1) We consider now a very good family of parahorics Q = {Q( x )) x ^\jx h an d we wan t to 
define the same notions as in |GR08| def. 4.1], using the axioms and proposition 14.41 this is 
suggested in the beginning of |Rol2l sec. 5]. 

2) Definition. Consider the following conditions for a subset or filter fi in A: 

(GFe) Q(fi) = Q dec (n, e) for e = + or - 

(TF) G(fi c A) = NQ(n) (where G(fi C A) is defined in|42]3b) 
We say that fi has a good fixator if it satisfies these three conditions. 
We say that fi has an half-good fixator if it satisfies (TF) and (GF+) or (GF-). 
We say that fi has a transitive fixator if it satisfies (TF). 

3) Consequences. We get the following results by mimicking the proofs in |GR08| sec. 
4.1]. The ingredients are proposition S3] and the facts that Q(Q) D U(±C V ) = Q(VL±U») n 
U{±C V ), C|n Q( n ) n U{±C V ) = Q(U Q fi) n U{±C V ) for a family fi of filters, etc. 

a) By (P8) a point has a good fixator. The group N permutes the filters with good fixators 
and the corresponding fixators. 

If fi has a transitive fixator, then Q(fi) acts transitively on the apartments containing fi. 
Hence the "shape" of fi doesn't depend of the apartment containing it. As a consequence of the 
many examples below of filters with (half) good fixators, we may define in J? (independently of 
the apartment containing it) what is a preordered segment, preordered segment-germ, generic 
ray, closed (local) facet, spherical sector face, solid chimney etc. 

b) In the classical case every filter has a good fixator. 

c) Let & be a family of filters with good (or half-good) fixators such that the family 0, of 
the sets belonging to one of these filters is a filter. Then has a good (or half-good) fixator 

d) Suppose the filter £1 is the union of an increasing sequence (-Fi)igN of filters with good 
(or half-good) fixators and that, for some i, the support of Fi has a finite fixator in v{N), 
then Q, has a good (or half-good) fixator Q(Cl) = HieN Q( F i)- 

e) Let fi and f2' be two filters in A and Cf, ■ ■ ■ ,C% be positive vectorial chambers. If Q' 
satisfies (GF+) and (TF) and fi C U£=i ( n '+W)> then Qun ' satisfies (GF+) and (TF) with 
Q(fi U fi') = Q(fi) n Q(fi'). If moreover fi (resp. fi') satisfies (GF-) and fi' C |J?=i ( n ~ Cf) 
(resp. fi C ULi ~ tnen ^ U fi' has a good fixator. 

4) Remarks, a) Let fi in A be a filter with good (or half-good) fixator and F v be a spherical 
vectorial facet. We write = {j CV( z F v, G» and fi' = (fi + 9)n(fi-6)n(f| Q , e $m(F 1 .) I>(a,fi)) 
(which is in c/*(fi)), then, by 14.4a and I4.5l 3e. any fi" with fi C fi" C fi' has a good (or half- 
good) fixator; moreover Q(fi) = Q(fi")iV(fi). In particular any apartment A of containing 
fi contains fi' and is conjugated to A by Q(fi'). 
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b) Byg2l6f, for every filter ft, we have Q (ft) = Q(ft)nG , Q(n)nU(C v ) = Q (n)nU(C v ), 
and iV (ft) = iV(ft) n G . Hence if ft has a (half) good fixator for Q, N.Q(Q) = iV.Q (ft), 
iV.Q(ft) n G = iV .Q (ft) and ft has a (half) good fixator for Q . 

4.6 Examples of filters with good fixators 

1) If x < y or y < x in A {preordered situation), then {x, y} and the segment [x, y] have good 
fixators C;({x,y}) = Q([x,y]) (apply l4~5T 3e); in particular any apartment A of containing 
{x, y} contains [x, y] and is conjugated to A by Q([x, y]). If moreover x ^ y the segment germ 
[x,y) = germ x ([x, y]) has a good fixator ( 14, 51 3c), 

2) If x, y 6 A and £, = y — x 7^ is in a spherical vectorial facet F v {generic situation), 
then the half-open segment ]x,y] = [x,y] \ {x}, the line (x,y) and the ray 5 = x + [0, +oo[.£ 
of origin x containing y (or the open ray 5° = 5 \ {x}) have good fixators (|4,5l 3d). Using now 
14. 51 3c the germs ]x,y) = germ x (]x, y]) and germ OQ (S) have good fixators. 

3) A closed local facet F l (x + F v ) has a good fixator: choose £ 6 F v and A > then the 
intersection ft^^ of (x + F v ) n (x + A£ — F v ) with a ball of radius ||A£|| and center x (for 
any norm) has a good fixator (|4.5l 3e with ft' = [x, x + A£]) and F l {x + F v ) is as described in 
(|4.5l 3c) using the family ft^ (when A varies). 

If the local facet is spherical, then it has a good fixator. We just have to use above 
(x + e£ + F") n (x + A£ - F") for < e < A and I45l3c.d.e. 

4) By similar arguments we see that a spherical sector face or its closure or its germ has 
a good fixator. The apartment A has a good fixator Q(A) = Zq, so the stabilizer of A is N. 
An half-apartment D(ct,k) has a good fixator Zq.JJ^ cf. |Rol2| 5.7.7]. 

5) It is important in this paragraph that the family Q satisfies axiom (P10). If y < x or 
x < y in A, then the half-open segment ]x,y] (resp. the open-segment-germ }x,y)) has a good 
fixator Q(]x,y]) = Q([x,y]) (resp. Q(]x,y)) = Q([x,y)) ), even if F v (y — x) is not spherical. 
By arguments as in 3) above (using x + F v =]x, x + A£] + F v instead of x + F v ) we deduce 
that any local facet F l = F l (x,F v ) has a good fixator and Q{F l ) = Q(F l ). 

Proposition 4.7. Let Q be a very good family of parahorics, ^0 a vector in a spherical vec- 
torial facet F v and x € A. We consider the ray 5 = x + [0, +oo[£, then Q(5) C <3(fl , erm 0O (5)) C 
P(F V ). 

N.B. 1) This is a kind of reciprocity for axiom (P9). We have Q(x) n P(F V ) = Q(x + F v ) = 
Q(x + F") with x + F" in A. 

2) We see thus directly that Q(A) fixes A sp h. 

Proof. It is sufficient to prove that Q(5) C P(F V ). Let C v be a chamber in then by |4.6l 2. 
Q(5) = (Q(S) n U(C V )).{Q(5) n C/(-C 1, )).iV(5). As iV(<5) and U{C V ) are in P(i^), we have 
only to prove Q(5) n t/(-C 1 ') C By (P9) and EES 1, for A > 0, Q{x + A£) n t/(-G u ) C 

Q(x + XO n P(-F v ) C Q(pr_ F «(x)) = N(pr_ F v(x)).G{<5> m {F v ),pr_ F v(x)).U{-F v ). So 
Q(£)n£/(-C u ) = (G($ m (F' ; ),pr_ F ,(x))nC/(-C' ; )).(f/(-F' ; )nQ((5)) as G{<S> m (F v ),pr_ F v(x)) 
fixes pointwise x + M£ D 5. 

Now U(-F V )DQ(5) = r\c*eF«* x>o U(-C v )<T\Q{x + \£) C Q(\Jc^f^ a>o (a? + A^-Df)). 
But this last union is actually A, so U(-F v ) n Q(«5) = U(-F v ) n Q(A) = n Z = {1} 

and U(—C v ) n Q(<5) C G($ m (F 1 '),pr_ F , (x)) C P(F V ). □ 
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Corollary 4.8. Let F C Apv be a facet in a facade and 9\ C A be the corresponding chimney 
germ (cf. 137713). Then U{F v ).G{<5> m {F v ), F).N(*R) C Q(F) n Q(5H). J/ F" is spherical 
Q(F) = U(F v ).G($ m (F v ),F).N(F) D Q(JR) = *7(F u ).G($ m (F"), F).i\T($R). 

N.B. We sometimes say that is the strong fixator of F. 

Proof. For a; € A, it is clear that IK is in the union of all x + C v for C™ € F v *. So the first result 
is due to (P9-). For F v spherical Q(F) is given in[OJl. By proposition O Q(9t) C P(F V ) 
and Q(9t) C Q(F) by (P9), hence the result. □ 



4.9 Properties specific to c/r 

We are interested here in the cases cl = cZr i.e. cZ = c/*, elf, cZjg or cZjjj* 1 . 

1) For a filter ft in A, ft C + V C (ft + C") n (0 - C 57 ) for all vectorial chamber C\ So, 
by 14.51 4. if ft has a good or half-good fixator, it is also true for any ft' with ft C ft' C ft + Vq. 
Moreover Q(ft) = Q(ft'): iV(ft) = 7V(ft + V ) as W v fixes Vfo. 

2) For a local facet F , we saw that F = F K C F K C F K = F K = F + Vo, hence the 
closed cZr— facet associated to F l has a good fixator by 1) above. 

We saw also that the c/r— facet associated to F l is between F l and F l + Vq. If the 
family Q satisfies (P10), then this c/jr— facet has a good fixator 04.61 5 and 1) above); by 14.51 4 
any apartment containing F l contains cZm(F') and is conjugated to A by Q(F l ) = Q(F l ) = 

3) Let ft be a point, preordered segment, preordered segment-germ, generic ray, generic 
ray-germ or generic line (resp. preordered half-open segment, preordered open-segment- 
germ or generic open ray if Q satisfies (P10)) as in 14.61 and let ft C ft" C cijR(ft). Then 
Q(ft) = Q(ft") by[L5]4, as cZ R (ft) C (ft + F") fl (ft — F") (resp. d R (ft) C (ft + F") n (ft — F")) 
for some facet F" pointwise fixed by v v (N(Q)). Hence any apartment containing ft contains 
ft" and is conjugated to A by Q(ft"). 

We may choose c/r = cZ{|. So, for ft a preordered segment-germ, generic ray or generic 
ray-germ, we may choose above ft" equal to its c/^— enclosure i.e. the corresponding closed- 
local-facet, spherical sector-face-closure or spherical sector-face-germ. For ft a preordered open 
segment-germ (if Q satisfies (P10)) (resp. a generic open ray) the same result is true with ft" 
the corresponding local facet (resp. corresponding spherical sector-face). 

4) Let F l = F (x,F v ) be a closed local facet in A and Ff a vectorial facet. Then 
r = F l + Ff is closed convex i.e. cl^' —enclosed; hence it is the cl^ U — chimney x^' (F l , Ff); 
note that this is not always true for cln, dtt or cl^. 

Suppose r solid i.e. the fixator in v{N) of its support finite. Then r and its germ have 
good fixators: we apply g3]3e to F and F 1 + A£ (with A > 0, £ G Ff), then[4~5]4 and|4~5]3d 
to see that t has a good fixator; now the result for £R is a consequence of 14. 51 3c. 

5) Remark. Suppose F 1 ' and Ff as above and of the same sign. Then F v + Ff meets a 
vectorial facet F 2 " with F" C Ff and F| n (F v , FJ") open in the vector space (F V ,F?) (F% is 
the projection of Fj" in F v *). By 14.91 3 any apartment containing f\x,F v ) and x + F" (or 

F l (x,F?)) cont ains F (a;, F 2 ). Suppose F^ spherical {e.g. if r is solid) then, by using a few more 
times the same argument, we see that any apartment containing t contains the c^— enclosure 

ft of F l (x,F v ) and F l (x,Ff) and also ft + Ff which is the cZf -chimney tg (F l ,F?). So 
one could use this c^— chimney. But unfortunately it is not clear that ft or ft + Ff has a 
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good fixator. Moreover the following proposition seems difficult to prove for cZ{|. So we shall 
concentrate on cZjjj \ 

6) Proposition. Let 91 1 be the germ of a splayed cl^ — chimney X\ = F± + F£ and 9^2 be 

either a closed local facet or the germ of a solid cl^' —chimney t2 = F^ + F% . Then 
Q = IHi U 9^2 has a half-good fixator and Q(Q) = Q(cl^ U (Q)).N(Q). In particular any 
apartment of containing Q also contains cl^ U (p.) and is conjugated to A by Q(cl^ U (Q)). 

N.B. Actually if 9^2 is the germ of a splayed c^"— chimney (i.e. F% is spherical), then O has 
a good fixator |RolH 6.10]. 

Proof. We may replace Q by Q = ti U t2 with ti and t2 sufficiently small. Consider = 
Uc"gF 3 u * C v ; by shortening ti we may assume ti C t2 + 0. So, by I4.5l 3e and 14.61 3 or 
4) above, 17 has a half good fixator. We use 14.51 4 with $7 and F£ : as ti — = A, Q,' 
is actually equal to Q' = (t2 + 0) fl (riae$ m (F t ') D(a,£l)) which is convex and closed. So 

ricn" = ci^ u (n) = wnv(n) c n' and q(o) = Q(n").N(n). □ 

4.10 (Generalized) afRne hovels 

Definitions. An affine hovel of type (A, cl) is a set X endowed with a covering A by subsets 
called apartments such that: 

(MAI) Every A E A is an apartment of type A. 

(MA2) If F is a point, a preordered open-segment-germ, a generic ray or a solid chimney 
in an apartment A and if A' is another apartment containing F, then A D A' contains the 
enclosure cl(F) of F in A and there exists a Weyl isomorphism from A to A' fixing (pointwise) 
this enclosure. 

(MA3) If 01 is a splayed chimney-germ, if F is a facet or a solid chimney-germ, then 9\ 
and .F are always contained in a same apartment. 

(MA4) If two apartments A, A' contain 01 and F as in (MA3), then their intersection 
AD A' contains the enclosure cl(^R U F) of 9^ U F in A and there exists a Weyl isomorphism 
from A to A' fixing (pointwise) this enclosure. 

This affine hovel is told ordered if it satisfies moreover: 

(MAO) Let x, y be two points in I and A, A' be two apartments containing them; if x < y 
in A, then the segments [x, v]a and [x, y]A' defined by x, y in A and A' are equal. 

An automorphism of the hovel I is a bijection ip : X — > I such that, for every apartment 
A, (f(A) is an apartment and ip\ A an isomorphism. We say that ip is positive, type-preserving 
or a Weyl automorphism, if each 92^ is positive, type-preserving or a Weyl isomorphism. 

We say that a group G acting on X acts strongly transitively if it acts by automorphisms 
of X and moreover the Weyl isomorphisms between apartments involved in the axioms (MA2) 
or (MA4) are induced by elements of G. (In the classical case of thick discrete affine buildings 
and type preserving groups, this is equivalent to the known definition, cf. 14.131 1 below and 
e.g. |AB081 prop. 6.6].) 

So G acts strongly transitively if, and only if, the subgroup G w of Weyl automorphisms 
acts strongly transitively. 
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Generalizations. Unfortunately this definition of affine hovel in [Roll] is still not general 
enough e.g. too restrictive for cl. We shall need three generalizations, that may be considered 
independently: 

1) The enclosure map considered in loc. cit. is cl^ a or (after changing A or A = (A a ) ag $) 
cZ*, cZ*, cZjj. As suggested in [I.e. 1.6] the enclosure map cl A is often not so different from 
cZ^ a . The results of loc. cit. are true for c/ A without changing anything. We may also enlarge 
as we want the family A to a family A'. 

2) In loc. cit. (except in section 1) the root system A is asked to be tamely imaginary. 
This excludes in particular the totally imaginary case A*\ 

When A is not tamely imaginary, the axioms of affine hovels of type (A, clj^,)) have to be 
modified as follows: 

We must add to the list of the filters involved in (MA2) the local facets and the spherical 
sector faces. Moreover in (MA3) and (MA4) we must add the possibilities that F is a point 
or a preordered segment germ and that IK or F is a generic ray germ. 

Then all results of loc. cit. are true up to section 4 (except the last sentence of [I.e. 4.8.2]). 
In section 5 (specially 5.2 N.B.) we must add (MA2) for F a segment germ and cZ* i.e. : 

For ]x,y) C F l (x,F v ), any apartment containing [x, y) contains F l (x,F v ) 
(We can restrict to the case where F v is a chamber.) 

3) The third generalization is necessary when we don't suppose axiom (P10). To get 
nevertheless an affine hovel in this case, we change the definition as follows: 

In the list of axiom (MA2) or in (MA3), (MA4), we replace preordered open-segment-germ 
by preordered segment-germ, facet by closed facet and (if the generalization 2) above is also 
used) local facet by closed local facet, spherical sector-face by spherical sector-face closure. 
Then all results in loc. cit. are true if we make the same replacements. 

Theorem 4.11. Let Q be a very good family of parahorics in G. 

1) Then J? with its family of apartments is an ordered affine hovel of type (A, cl™ '). The 
group G acts strongly transitively on J* . 

2) The twin buildings J> ±oc constructed at infinity of .J? in ]Roll\ sec. 3] are G—equivariantly 
isomorphic to the combinatorial twin buildings J*± of \1.6[ 3 (restricted to their spherical 
facets). This isomorphism associates to each spherical sector- face- direction fi 00 a spherical 
vectorial facet F v & . 

3) If F v spherical corresponds to then there is a P{F v ) — equivariant isomorphism 
between the affine building of [I.e. and the (essentialization of the) facade ,^p v of 
~J. 

N.B. a) Of course in this theorem affine hovel must be understood in the generalized sense 
of 14.101 2 above and also of 14.101 3 if Q doesn't satisfy axiom (P10). 

b) We may replace A u by the non essential system A' me with Af£ e = (^ Q e$ \ 
(U ae $Ma) cf. 14911. 

c) As we chose cl = cZjjj ' (or cl = cZjjj " ie ), the Bruhat-Tits building J?p v in 3) above is 
endowed with its M— structure. 

d) The hovel J? inherits all properties proved in loc. cit. . In particular it is endowed with 
a preorder relation < inducing on each apartment the known relation associated to the Tits 
cone cf. E4]2b. 

e) If a wall M(a, k) contains a panel of a chamber C C D(a, k) C A, then the chambers 
adjacent to C along this panel are in one to one correspondence with U aj k/U a ^+ (cf. |RolH 
2.9.1] and|4~6]4). In particular J is thick (|3H 2a). 
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f) As G = G^.N and N® = G n N is the group of Weyl automorphisms of A, the following 
proof tells that G = G w is the subgroup of Weyl automorphisms in G. 

Proof. 1) It is sufficient to use the family Q in G . Axiom (MAI) is then clear by definition 
and all the properties asked for axioms (MA2), (MA4) and (MAO) are proved in 14.51 l4~6l or 
14.91 If F and in A are as in (MA3), then the Bruhat-Birkhoff-Iwasawa decomposition |4~B"1 4 
and corollary 14.81 prove that G = Q(F).N.Q(dV); it is classical that this proves (MA3). 

2) The fixator Q(f) of a spherical sector-face f = x + F v in A is in P(F V ) flU}. So the 
map f i-4 F v is well defined and onto the spherical facets of J^ c . Consider fi and f2, after 
shortening they are in a same apartment and then, by definition, they are parallel if and only 
if they correspond to the same F v . So we have got the desired bijection. Now this bijection 
is clearly compatible with domination and opposition cf. |Roll| 3.1]: it is an isomorphism of 
the twin buildings. 

3) Z(5°°) is the set of sector-face-germs with direction 5°°- Now in A we saw 03.71 3) that 
the map 5 = germ OQ (x + F v ) i-4 [x + F v ] identifies the apartment A($°°) in with Ap v . 
ByELSQQx + F v }) = Q($).N([x + F v }); but in A it is clear that N([x + F v ]) = N($), so 
Q([x + F v ]) = Q($). The identification of and J?p v is now clear, through a construction 
as in |4J] □ 



4.12 Compatibility with enclosure maps 

We have proved good properties with respect to cl^ U . But the example of Kac- Moody groups 
( [GR08| or [5] below) proves that we may hope the following strong compatibility property. 

1) Definition. The family Q of parahorics is compatible with the enclosure map cl if for all 
non empty filter Q in Apv and all vectorial chamber C v & F v * , we have: Qifl) D U(±C V ) C 
Q(c/(0)). 

2) Remarks, a) Combined with (P9) and[42]this implies Q(n)nP(C w ) C Q(cl(Vt + C v )). 

b) Even for cl = cl^ * this is stronger than (P9), e.g. if 17 + C v is not closed in A or f2 not 
convex. It implies always (P10). 

c) The most important case is when £1 has an (half) good fixator. Then Q(O) = 
Q(cl(£l)).N(Q), more precisely we may generalize |GR081 prop. 4.3] : 

3) Lemma. Suppose Q very good, compatible with cl and llcfi'c cl(Q) C A. 

IfVt has a good (or half good) fixator, then this is also true for £1' and Q(fl) = Q(0').iV(f2) ; 
Q(tt).N = Q(Q').N. In particular any apartment containing contains its enclosure cl(Q) 
and is conjugated to A by Q(cl(Q)). 

Conversely, if supp(£l) = A (or supp(£l') = supp(Q), hence N(Q') = N(Q)), Q has an 
half good fixator and fi' has a good fixator, then £1 has a good fixator. 

4) Consequences. All the results proved in |GR08| sec. 4] are then true. For example 
the results in 14.91 above for c/r or cZjg * are true for cl; hence: 

5) Theorem. If Q is a very good family of parahorics compatible with cl, then theorem 
\4.11\ is true with type (A,cZ) instead of (A,cZ^ *). If cl = cfl^, andV C A is tamely imaginary, 
there is no need of generalization in the notion of affine hovel ( except perhaps generalization 

!)■ 
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4.13 Backwards constructions 

1) Lemma. Let X be an affine hovel of type (A, cl) with a group G acting on it strongly 
transitively. Then G acts transitively on the apartments and the stabilizer N of an apartment 
A induces in A a group v(N) containing the group W ath generated by the reflections along the 
thick (hence true) walls. 

N.B. The subgroup W ath of W a is equal to it when X is thick. 

Proof. Let &\ C A\, &2 C A2 be sector germs in apartments. By (MA3) there exists an 
apartment ^3 containing @i and 62- By (MA2) there exists 51,52 6 G with A\ = g±Az and 
^2 = 52^3i so A\ and A2 are conjugated by G. 

If now M is a thick wall in A, we write D\,D2 the half-apartments in A limited by M. 
By |Roll[ 2.9] there is a third half- apartment D3 in X limited by M such that for i 7^ j, 
Di n Dj = M and Dj U Dj is an apartment Aij. By (M4) applied to a sector-panel-germ 
J in M and a sector-germ in Di (dominating the opposite in M of J) there exists G G 
with gijk-Aij = A ik (where {1,2,3} = k}). Now ^ = A 12 and </i42-fl r 23i-3i23 (where 
-O4 = 5231 -D±) stabilizes A and exchanges D\ and Z?2: it is the reflection with respect to 
M. □ 

2) Let X and G be as in the lemma. Then G acts nicely on the twin buildings X ±0 ° and 
we saw in |RolH 3.8] following |T92| . that G is often endowed with a RGD system. 

3) Suppose G endowed with a root group datum such that the corresponding twin buildings 
J^ c are identified with X ±0 °, in particular G acts via positive, type-preserving automorphisms. 
Then the action of G on the affine buildings X($°°) (for a panel in X^ 100 ) should endow 
the root group datum with a valuation as in the classical case |RolH 4.12]. 

4) Suppose now the existence of a valuation of the root group datum which gives the affine 
buildings X{F V ) on which P{F V ) acts through P{F V ) /U(F V ) (for any spherical vectorial facet 
F v ). Then X is constructed as in 14.11 with a family Q = (Q(x)) x eA of parahorics. We define 
also Q on A h by the action of G on the buildings X(F V ). Let's look to the properties satisfied 
by Q: 

(PI), (P2), (P4), (P5) and (P6) are clear by definition and hypothesis. 

By |Roll| 4.7] x € X and F v S Z^ 00 (hence spherical) determine a unique sector face 
x + F v so (P9) is satisfied: Q(x) D P(F V ) stabilizes x + F v and, up to elements fixing x + 
it stabilizes A and is type preserving, hence fixes x + F v . As Q is well known on A h , 
Q(x) n P(F V ) fixes (x + ~F") n A" ph . 

Now let u E J7q, ^ and i^ 11 a panel in Keren = M°°. Then by [/.c. sec. 4] uA is an apartment of 
the building X{M°°) ~ X(F V ) (which is a tree) and its intersection with A is an half-apartment 
D(ot, /j,). But by definition of the valuation u fixes prpv(D(a, A)) C A^; so A(~)uA D -D(a, A) 
hence u fixes D(a, A). So (P3) is satisfied. 

For x G A and 5 G G, suppose 5 G Q(x).N n P(F V ).N then 5A 9 x, 5A" D F' u and 
5A contains the sector face x + F v |Roll[ 4.7]. So by (MA2) 5 G Q(x + F 1} ).N. But 
Q(x + F») D and Q(x + F") D Q(pr F v(x)) as pr F v(x) G A F « is the class of x + F" . 

Hence (P7) is satisfied. 

When A = A , Charignon proved that (P8) is satisfied for every good family of parahorics 
04.31 6) . We may also use a geometrical translation of (P8) for good families satisfying (P9): 
let x G A and s a sector of origin x in A, then any apartment A' containing x contains also a 
sector Si of origin x opposite 5 (in an apartment containing them both). 
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So if A = A is essential, we know that the family Q (defined on A U A sp /j) is very good. 

(P10) is satisfied if I is an hovel in the sense of [Roll] (without generalization l4~T0l 3). 

5) These sketchy constructions reduce more or less the classification problem for affine 
hovels with a good group of automorphisms to the problem of existence (or uniqueness ?) of 
very good (excellent ?) families of parahorics associated to valuated RGD systems. 

Proposition 4.14. We consider a group G (resp. G' ) acting strongly transitively on an 
ordered affine hovel X (resp. X' ) and a map j :!->!' which is G—equivariant with respect to 
an homomorphism ip : G — > G' . We suppose that: 

1) There exist apartments A C X and A' C X' such that j\ A is injective affine from A to 

A'. 

2) There exists a sector germ & in A such that the direction of the cone meets the 
interior of the Tits cone T± in A' . 

Then j is injective. 

N.B. We exclude here for X the generalization |4~TU1 3 in the definition of hovels. For buildings 
the proof is easier, as two points are in a same apartment. 

Proof. Let x±,x 2 € X such that j(x\) = j(x 2 ). There is an apartment Ai = giA containing 
Xi and (5, with gi fixing pointwise a sector s in 6. Then A\ = ip{gi)A' is an apartment 
containing j(x{) and j(s) with <p(gi) fixing pointwise j(s). Let's consider y € s sufficiently 
far away; then and j([y,Xi\) = [j(y),j(xi)] are preordered (even generic) segments in 

Ai and A\. But j(xi) = j{x 2 ), so [j(y),j(x 1 ]} = [j(y),j(x 2 )] (axiom (MAO) ). As g = g 2 g^ 1 
fixes pointwise the segment germs [y,xi) and [y, x 2 ), f(g) fixes pointwise [j(y), j(x\)) = 
[j (y) , j (x 2 )) and, as (f(g) is an affine isomorphism from A' x to A' 2 , it fixes pointwise the whole 
segment [j(y),j(xi)] = [j(y)i j( x 2)]- Then g[y,x\] and [y, x 2 ] are two segments in A 2 with 
the same image [j(y),j(x 2 )] in A' 2 by j (injective on the apartments). So these segments are 
equal; in particular [y,xi) = [y, x 2 ). 

Now j{[y,xi]) = j([y,x 2 ]) and [y,xt) = [y, x 2 ). Then [y,xx] n [y,x 2 ] is a segment [y,z] 
{cf. (MA2) for open-segment-germs, as we avoid l4~TUl 3) with z ^ y. We are done if z = x\ or 
z = x 2 . Otherwise [z, x\) and [z,x 2 ) are distinct segment germs in a same apartment |RolH 
5.1] with the same image by j, contrary to the hypothesis. □ 

5 Hovels and bordered hovels for split Kac-Moody groups 

We consider now the situation of l3.3l and !3.5l and shall build a very good family V of parahorics 
following |Rol2| . We choose the enclosure map cl = cl A . 

5.1 The parahoric subgroup associated to y G A 

1) The free case with V = V x : In |Rol2| the RGS S is supposed free and the affine 
apartment A is equal to A x with associated vector space V x = Y <S>^ K. Then for y € A, one 
defines the group P(y) = U$ m+ .U™ m ~ .N(y) = U^ m ~ .U$ m+ .N(y) where N(y) is the fixator 
of y in and Uy m+ (resp. C/™ m ~) is the intersection with G or U + (resp. U~) of a group 
jjrna+ _ TT agA+ U a (y) (resp. U™ a ~ = IlaeA- U a (y)) which exists in a suitable completion 
Qpma ( reS p_ Qnma^ Q £ foe Kac-Moody group G [I.e. 4.5, 4.14]; actually one has to define 
suitably U a (y) for a E Aj m : U a (y) = U a _ a ^ := U7j%({a}) in the notations of [I.e. 4.5.2]. 
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The group U± y = U ± n G(y) of [Oil is clearly included in P(y). As [/£ m+ = 17+ n 
P(y), we have f7+ C Uy m+ and, similarly, C Uy m ~ . Moreover we know that P(y) = 
Ul m+ .U-.N{y) = U™~.U+.N(y) [I.e. 4.14]; 

The interesting point for us is that [/™ a+ , U™-, U% m+ , C/" m ", U+ or [/" depend only of 
the true half-apartments (imaginary or not) containing y. In particular they depend only of 
the class y of y in the essentialization A q = A x /Vo. 

In the classical case where $ is finite (and Aj m empty) the group Uy m+ (resp. Uy m ~) is 
the group Uy + (resp. U~ ) generated by the groups U a {y) for a G $ + (resp. a G ( I > ~). 

2) Consider now any RGS S, any affine apartment A as in 13.51 for the root datum in 
G = <3s(K) and any y G A. By |Rol2| 1.3, 1.11] there is an injective homomorphism 
if : G G xl = <8 s i(K) where S l is a free RGS. The affine apartment associated to it is A xl 
and we know that the essentializations of A and A xl are equal: A/Vq = A x1 /Vq 1 = A q . 

To y G A q we associated above some subgroups of G xl . By [I.e. 1.9.2, 3.19.3] the groups 
U^ 1 in G and G xl are isomorphic by (p, so U^ m+ , U^ m ~ , J7^~ and ?7JT are actually in G (and if 

5 is free, they are as defined in 1) above). We define the group P m (y) as generated by U^ m+ , 

U£ m ~ and % S {0) C Z = KerzA We define N(y) the fixator of y in iV and P(y) = P m (y).N(y) 
which is called the fixator group associated to y in A (c/. 15.2b below). 

Lemma 5.2. aj We have P m (y) = U^ m+ .U^ m ~ .N m {y) = U™»- .U§ m+ .N m (y) = 
U^ m+ .U^ .N m (y) = U^ m ~ .Uj. .N m (y) where N m (jj) is a subgroup of N(y), hence fixing point- 
wise y + Vq C A. 

b) Moreover P m (y) does not change when one changes $ + by W v , hence it is normalized 
by N(y) and P(y) is a group. 

Proof, a) We identify G and ip(G) C G xl . We choose an origin in A (resp. A xl ) fixed by 
v{m(x ai {\))), Vi G /; hence A (resp. A xl ) is identified with V (resp. V xl ) and v(N) (resp. 
u xl (N xl ) where N xl = N s i(K)) with v(T) x W v (resp. v xl {T xl ) x where W" acts linearly 
via v° . Actually v : T — > V factorizes through T/Z(0) = Y ® A: z/(t) = z7(t) where i is the 
class of i modulo T(O); and the same thing for i/ . We consider z G F such that z = y G F 9 . 

By [Lc. 4.6, 4.14] we have U^ m+ .Uf n ~ .N mm (y) C P m (y) C P xl (z) = U§ m+ .U^ m ~ .N xl (z) = 
U^ m+ .U ¥ .N xl (z) where N min (y) is a subgroup of N and A^z) the fixator in N xl of *. 
Moreover N xl (z) = N xl C\ P xl (z). It is now clear that P m (y) = U^ m+ .U^ m ~ .N m (y) = 
U^ m+ .U v .N m {y) with N m (y) = P m (y)nN xl (z) = P m (y)nN C NnN xl (z). The same thing 
is clearly true when exchanging U^ m+ , and U^ m ~ , {/^ . 

Let n = tw £ N D N xl (z) with i G T and u> G (fixing 0). We have z = nz = i/ x *(t) + 
w(z). But, if io = s h . ■ ■ ■ .s in G W v , z - w{z) = Y7j=i ( s i J+ i- ' ' ' -^nO 2 ) - s «r " ' -^nC 21 )) = 
Sj=i a «j ■ ' ' ' - s i« ( z ))- a i- =: ^(^) an element of V xl depending only ofz = y. Hence 
u xl (t) = d(z, V xl ); but u xl is one to one, so t G (52 ie i Ra i <E> 1) n Y" ® A. By ES]3a, there 
exists r G Z>o with rt = — ^2ipj <xf <S> \ with Aj G A a suitable Z— linear combination 
of the coefficients r.ai j (si j+1 . ■ ■ ■ .Si n (z)) G K (as the relations between the ot( in Y C Y 3 ^ 
have coefficients in Q). Now I/(rt) = X^ie/ -^i / ^ ^ an( i' ^he expression of the Aj, 
rz7(t) = n9(^, V") (as the in V satisfy the Z— linear relations between the ct^ in Y). In 
V we may divide by r, so z7(t) = 5(2,1^). By the same calculations as above v{n) fixes any 
element y with y =~z. 

b) It is proved in |RoT2l 4.6c] that f/| m+ .U^ m ~ .N min (y) doesn't change when one changes 
$+ by W v . So it is the same for the subgroup P m (y) it generates. □ 
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5.3 The fixator group associated to y G A \ A 

For F v a non minimal vectorial facet, the facade Apv is an affine apartment for the group 
P(F V ) /U(F V ) = G(F V ) ~ M(F V ) endowed with the generating root datum (G{F V ), {U a ) a ^ m(F , 
cf. 11.61 5 and 13.41 Moreover G{F V ) is actually the group of K— points of a Kac-Moody group: 
if F v = F"(J) then G(F«) = G(J) = <d s(J) (K). 

So for y G Apv we may define P(y) as the subgroup of P(F V ) inverse image of the 
subgroup constructed inside G(F V ) ~ M{F V ) as above. We have P{y) = Pf v {d) k 

U(F») = U p F ™ + .U™-.N(y).U(Fv) = U™~ .U p ™ + .N(y).U(F») = U p ™ + .U FVy .N{y).U{F-) = 
U F T y ~.U+ Vy .N(y).U(F v ) where + and - refer to the choice of a chamber C v G F v * . 

Remark. Even if F v = Vq is minimal, a point y G A™ = Apv IF^ corresponds to a collection 
y + F of points y G A F % = A. So we have two parahoric subgroups P{y) C P(y) = 
P(y).N(F v )(y) and N(F v )(y) acts by translations on y + F^>. We say that P(y) (resp. P(y)) 
is the strong (resp. weak) fixator of y or y. 

Definition 5.4. We define V as the family (P(y)) ye j^- By construction it is a family of 
parahorics. The corresponding hovel (resp. bordered hovel) will be written = J^(&s, K, A) 
(resp. = ^(&s,K, A) ) and called the affine hovel (resp. affine bordered hovel) of <$g over 
K with model apartment A (resp. A). When we add the adjective essential we mean that 
A = A q (resp. A = A e ). 

It is perhaps possible that V = V |Rol2| 4.13.5], see also l5.lH 4c, 

Lemma 5.5. Let x G A, F v = F v {x) and C v a chamber in F v * ; then: 

P{x)nN = N(x) ; P(x)nN.U(C v ) = N{x).U p ™+ .U{F V ) ; P{x)nU{C v ) = U P ™+.U{F V ) 
p\x) n N.U(-C V ) = N(x).U™- and P{x) n U(-C v ) = E/™£". 

Proof. Let g G P{x) n A^C 1 '). So g = nu + = n'v'v+UFv with n £ N, u+ e U(C V ), 
ri G N(x), v~ G C/"™-, v+ G [/£,?+ and u F „ G U{F V ). Hence (n / - 1 n)(n+^ 1 (v+)- 1 ) = v~ G 
N.U(C V ) fl f/ (— C 1 '). By the uniqueness in the Birkhoff decomposition (jl.61 2) we have v~ = 1, 
n = n' and u + = u + itpu so g G N{x).U F ™£ .U(F V ). If moreover g G iV (resp. g G U(C V )) we 
have u + = 1 (resp. n = 1) hence g = n' £ N(x) (resp. g = v + uf v G U f ™ .U(F v )). 

Now let g G P(x) fl N.U(—C V ). We write g = n«~ = n'v + v~UF^ = n'v + u' Fv v~ (with 
obvious notations). Hence {n'- l n)(u- {v~)~ l ) = v + u' pv G N.U(-C V ) DU(C V ). So u+it'^ = 1 
(hence v + = u' pv = 1, as P(F V ) = M(F V ) x U(F V )), n = n' and u~ = v~ . We have 
g = n 'v- G N{x).UpV~ and, if # G U(-C v ), n = n' = 1 so g = v~ G □ 

Proposition 5.6. The family V is a very good family of parahorics. It is compatible with the 
enclosure map cl A . Hence J?(<3 S ,K,A) is a thick ordered affine hovel of type (A,cl A ) and 
G = &(K) acts strongly transitively on it. 

Proof. We proved above (P5). If F v (x) is spherical, U F ™^~ and U F T~ are generated by the 
groups U a {x) for a G <f> m± {F v ), so (P6) holds. By definition P(x) = U P F ™+ .U F ™~ .N(x).U{F v ) = 
Up\™-.U F ™+.N(x).U{F v ), so (P8) is a consequence of lemma [53] We have also P(x) = 

(P(x) n u(-C v )).{P{x) n u(C v )).N(x). 

Consider now the situation of (P7) or (P9). We have to prove N.P(x) fl P(F V ) C 
N.P({x,pr F v(x)}) and P(x) (1 P(F V ) C P(x + F v ). These relations are in P{F%) and each 
side contains U(F^), so we may argue in G(Ff) = P(F^)/U{Ff). Actually we shall suppose 
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x £ A. Consider a chamber C v G F m , we have P(F V ) = U(F V ) x M(F V ) and (by Iwasawa) 
M(F V )^= (U{C V ) n M(F v )).N(F v ).G($ m (F v ),x) with G(<f> m (F v ), x) C P(x + F v ). Let 
g G N.P(x) n P(P") (resp. 5 G P(sc) fl P(F V )). We write g = n'q = u F v V + nq' with n' G iV 
(resp. n' = 1), g G P(x), u F „ G U{F V ), v + G ^(C^nM^), n G iV(P u ), g' G P{x + F v ) and 
we want to prove that g G N.P{x + F v ) (resp. g G P(x + P w )). So one may suppose g' = 1, 
then g G nU(n^C v ) and g G n'^nU^^C"). By the proof ofEHg G n'- 1 nUS m ln- 1 C v ) with 
n'^n G JV(ac) and, as n G iV(i^), [/^(n" 1 ^) C P(x + F v ). So g = n'q G JV.P(ac + F v ) 
(resp. g = q G as n = n' _1 n G iV(x) n N(F V ) C N(x~+F~v)). 

ByES\P(x)nU(C v ) = U?™+ x U(F V ) and P(x) n [/(-C 1 ') = £/£™~. So P(Q)nU(C v ) = 
x [/(P 1 ') and P(0) n U{-C v ) = C/J^ and these groups depend only of c/ A (ft) [Rol2l 
4.5.4f]. We have proved that V is compatible with c/ A . □ 

5.7 Remarks 

1) So we get for and ^ all the properties proved in section The map gTg -1 1— > 
A(g c Zg~ 1 ) = gA (resp. gTg" 1 1— > A(g c Zg~ 1 ) = gA) is a bijection between the split maximal 
tori in (85 and the apartments in .J? (resp. the bordered apartments in jf) cf. 14.61 4 and ll.81 1. 

2) Actually we proved (P7) and (P9) even when F v is non spherical. So one may define 
a projection prpv : — > ^^1. even if F v G P^* is non spherical |Chll| 11.7.3]. This gives 
stronger links between the hovel and its non spherical fagades. 

3) For (P8) we proved also P(x) = (P(x)nU(-C v )).(P{x)DU(C v )).N(x) which improves 
(P8) essentially when F v (x) has a well defined sign. 

4) If we choose A as in |Rol2| 4.2] (which implies S free) then ^(<3s,K,A) is the afflne 
hovel ,y((3s,K) defined in [I.e. 5.1], with the same action of G = <5$(K), the same apartments, 
the same enclosure map, the same facets, ...). By lemma l5~5l the notions of (half) good fixators 
for filters in A are the same. Note however that, when (and only when) f2 has not an (half) 
good fixator, P(0) may be different from Pq as defined in |Rol2| . 

The group of Weyl automorphisms in G (|3.4l 3c. 14. 1 If ) is equal to ip(G A ).Zo defined in 
|RoT2l 5.13.2 or] (as ^(N) = N A and v(ip(N A )) = W a ). 

5) A point x G J^F" determines a sector-face-germ $ = germ 00 (x + F v ) of direction F v 
in J? and the correspondence is one to one if A = A (or A = A and F v non trivial) cf. 
14.111 The strong (resp. weak) fixator of x (cf. I5.3[) is the set of g in G which fix pointwise an 
element (resp. which induce a bijection between the sets which are elements) of the filter S r . 

5.8 Functoriality 

1) Changing the group, commutative extensions: Let's consider a commutative ex- 
tension of RGS (p : S —¥ S' |Rol2| 1.1]. We then get an homomorphism (5^ : ©5 — > ©5' 
inducing homomorphisms : T5 — > %s'i 91^, : 9ts — > Vis' an d isomorphisms 
If A is a suitable apartment for (&s'^S') 13.51 3a) it is clearly suitable for (<2>s,Xs) and, for 
x G A F v, U F ™+ or U™?~ is the same for <3 5 or <5 S ,. Hence P s ,(x) = G v (P s (x)).N s >(x). But 
G^iNsr) = N s [I.e. 1.10] hence KerG^ C T s , so the lemma tells that G~ 1 (P 5 /(a;)) = 
Ps(x). It is now clear that G v x Id& induces a G^— equivariant embedding ^(<5<p,K, A) : 
^(&SjK,A) c — >■ c#(&s',K,A) which is an isomorphism (bijection between the sets of apart- 
ments, isomorphism of the apartments). Hence the affine Weyl groups VF a are the same, but 
v(Ns) C v(Ns') are in general different. 
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The same things are true for the bordered hovels and the embeddings are functorial (note 
however that A or A depends on ©'). 

2) Changing the group, Levi factors: For a vectorial facet F v , we may consider 
the homomorphism M{F V ) <—t G. More precisely if F v = F^{J) then <Sgr n embeds into ©s 
(|1.6I 5 and 11.81 1). If A is suitable for ©5 then it is also suitable for ©,s(j), but we have only 
to consider the walls of direction Kera with a S Q(J)- By construction ^(©^(j), K, A) is 

Gs(J) — equivariantly isomorphic to the facade J^(©s, K, A)pv for F 1 ' = F^(J) or F^ £ (J) or 
any other maximal vectorial facet in D^jKeiaj. Clearly for x E A, P^j^x) C P(x) and 
N S{J) C A, so S(G S (j),K,A) maps onto f(G S {J), ®S,K, A) := G 5(J) .A C ^(© 5 ,K,A) 
and the projection prpv maps ^(&g^,&s,K,A) onto ^(©s, AT, A)^«. So the three sets 

y(&s(j),K,A), J?(<Ss(j-),&s,K,A) and J?(®s,K,A)fv are Ggfj) — equivariantly isomorphic. 

For ©s(j), the bordered apartment associated to A is a union of facades with direction 
facets for <£(</). These facets are in one to one correspondence with the facets in F v *, for F v as 
above. Let Aj, Aj and Aj be the three possible apartments as in 13771 Then <f{<S s{J) ,K, A}) 
(resp. .y(<S S (j-},K,Aj) ) is isomorphic to ^{<&s,K, A e )p" (resp. J^(&s,K,A)pv) as de- 
fined in 14. 21 3c. And ^(©^(j), A', Aj) is isomorphic to ,y(&s, K, A l )pv where we remove 

y(& s ,K,V) F v and add ^(<$ S{J) ,<8 S , K,A). 

3) Changing the field: Let's consider a field extension i : K L and suppose that 
the valuation cj may be extended to A. Then &s(K) embeds via ©s(i) i n t° &s{L)- If A is 
suitable for ©s(L), it is also suitable for <3s(K); the three examples of 13.51 1 on K and L are 
corresponding this way each to the other. There are also embeddings &^ na (K) <—t <3^ na (L), 
©g ma (A) ^ ©g ma (A) and it is clear that, for x £ A, U^ x + = U p ™ + H ©s(A), = 
U L™~ n (5 <s( A ') and 9?(AT)(x) = 9T(L)(x) n 5 (A'). So, using Iwasawa decomposition for 
©.<?(AT). 15.51 and uniqueness in Birkhoff decomposition for ©s(L), we have: 

P L (x) n © 5 (A) = P^(x).(P L (x) n (vt(K).ii+(K))) = 
p K {x).(P L (x)n(^(L)Jd+(L))n(m(K)Jd + ^ 

= P K (x).(%L)(x)n^(K)UU^ + niX+(K)) = P K (x).m(K)(x).U%2 + = Pk(x). 
The same calculus gives %l(L).P L (x) D &s(K) = Vt(K).P K (x). 

Hence there is a ©5 (A)— equivariant embedding ^(©s, i, A) : ^(©5, A', A) ^(©5, L, A); 
it sends each apartment onto an apartment. But this embedding is not onto and the bijection 
between an apartment Ak and its image Al is in general not an isomorphism: if the extension 
i is ramified, Al = oj{L*) is greater than A = u(K*), so there are more walls in Al than in 
Ak and the enclosures or facets are smaller in Al than in Ax- 

This embedding extends clearly to the bordered hovels. Hence ^(©5, AT, A) and =^(©5, A, A) 
are functorial in (K,u). In particular a group T of automorphisms of K fixing u acts on 
y(<S s ,K,A) and ~J(<5 S ,K,A). 

Actually this possibility of embedding ^(©5, K, A) or ^(©5, if, A) in a (bordered) hovel 
where there are more walls or even where all points are special (if A^ = M) is technically very 
interesting. It was axiomatized for abstract (bordered) hovels and used by Cyril Charignon: 
|ChT0] . [ChTT] . 

4) Changing the model apartment: Let's consider an affine map ip : A — > A' 

between two affine apartments suitable for G = ©5 (AT). We ask that ip is A— equivariant 

and (''tp) (A) = A, this makes sense as A C Q is in A and A'. So ^ _1 (V^) = Vq and the 
quotients A/Vq, A'/Vq are naturally equal to A q (with the same walls). In particular there is 
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a one to one correspondence between the enclosed filters in A, A' or A q . 

For ye A, N(y) C N^y)), P(y) = U§ m+ .Uf n ~ .N(y) C P'^{y)) = U? m+ .U™~ .N(ifi(y)). 
We get a G— equivariant map y(<Ss,K,tp) : J^(&s,K, A) -4 ^(©s, AT, A'). It induces a one 
to one correspondence between the apartments or facets, chimneys,... of both hovels but it 
is in general neither into nor onto. The most interesting example is the essentialization map 
y(<d s ,K,A) -> J?(<8 S) K,Ai). 

Clearly these maps extend to the bordered hovels. 

5.9 Uniqueness of the very good family of parahorics 

1) Actually, by 15.31 the family V satisfies the following strengthening of axiom (P8): 
(P8+) For all x G A, for all chamber C v G F v (x)*, 

Q{x) = (Q(x) n U{C v )}.(P{x) n U{-C v )).N{x) 
By the following lemma, we know that V is the only very good family of parahorics over A. 
2) At least for A = A 9 , Charignon defines a maximal good family of parahorics V: 
for x G Apv, P(x) = {ge P(F V ) | g.pr F v( x ) = pr g . F? {x) Vi? G F" C if} 
where prp« is the projection associated to the minimal family V (supposed good) or to any 
good family Q e.g. V . 

We have V C V C V in the sense that Vx G A, P(x) C P(x) C P(x) |Chll| sec. 11.8]. It 
is likely that V = V, but it seems not to be a clear consequence of the preceding results. 

Lemma 5.10. Let Q and Q' be two very good families of parahoric subgroups of G (in the 
general setting of section^. Suppose that Q < Q' (i.e. Q(x) C Q'(x) Vx G A) or that Qf 
satisfies (P8+), then Q = Q' . 

Proof. If Q < Q' there is clearly a G— equivariant map j :I—^T between the bordered hovels 
associated to G, A and Q or Q'. This map sends each bordered apartment isomorphically 
to its image. Let F v be a vectorial facet in A v , then 14.141 applies to the map j between the 
ordered affine hovels Xpv and X' FV . So j is one to one. Let x G Apv and g G Q'(x), then 
j{gx) = gj(x) = j{x), so gx = x and g G Q(x). 

If Q! satisfies (P8+) we may apply the first case to Q or Q! and Q" = QO Q' [i.e. Q"{x) = 
Q{x)nQ'{x) Vx), as this family Q" is very good. Actually for Q" (PI) to (P6) and (P9), (P10) 
are clear. For (P7) we have to prove Q"(x)nNP(F v ) C NQ"{pr F v{x)) = NP(pr F v(x)) (as F v 
is spherical); it is clear. For (P8) Q"{x) = Q(x) n [(Q'(x) n U(C v )).(P(x) n U(-C v )).N(x)} = 
(Q(x) n Q'{x) n U{C v )).{P{x) n U{-C v )).N{x) as P(x).N(x) C Q{x). □ 

5.11 Residue buildings 

1) Let x be a point in the apartment A. We defined in |GR08| 4.5] or |Roll| § 5] the twinned 
buildings and ^T, where J?£ (resp. is the set of segment germs [x,y) for y G J^, 

y ^ x and x < y (resp. y < x). Any apartment A containing x induces a twin apartment 
A x = A x U A~ where A^ = {[x,y) \ y G ^4} n J^ 1 . As we want to consider thick buildings, 
we endow the apartments of J?^ 1 with their unrestricted structure of Coxeter complexes; on 
A x it is associated with the subroot system ^ = {a G $ — a(x) G A a } of $ (c/. |Ba96| 5.1]) 
and the Coxeter subgroup W™ m — W£ of W v . One should note that $ x is reduced but could 
perhaps have an infinite non free basis, corresponding to an infinite generating set of W£. 

The group G x = P(x) contains three interesting subgroups: P(x) = N(x).G(x) D P™ %n = 
Zq.G{x) (see |GR08| § 3.2], they are equal when x is special); the group G jr x is the pointwise 
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fixator of all [x,y) G £ x (*- e - 9 £ G jr x <?=^ V[x,y) G ^^ x ,3z £]x,y] such that g fixes 
pointwise [sc, z]), it is clearly normal in G x . 

We write G x = G x /G j x and U a or R the images in G x of U a _ a M (a G <&) or any 
subgroup of G x . 

2) Lemma. A g £ G x fixing an element in and fixing pointwise J"^ (e.g. g G G j a ) 
fixes pointwise each [x, y) for y ^ x in a same apartment as x. 

Proof. So g fixes [x,z] for some z < x. By |Rol2| 5.12.4], [x,z) and [x,y) are in a same 
apartment A. By hypothesis g fixes points Z\ , • • ■ , z n in A such that each Zj — x is in the 
open Tits cone T° C A, these vectors generate the vector space A and the interior of the 
convex hull of {x,Z\, ■ ■ ■ ,z n } contains an opposite of [x,z). By moving each Z{ in ]x,Zj] one 
may suppose x < z\ < ■ ■ ■ < z n . Now as z < x, g fixes (pointwise) the convex hull of 
{z, Zi, ■ ■ ■ , z n } which is a neighbourhood of x in A, hence contains [x, y). □ 

3) Lemma. Any u G U + fixing (pointwise) a neighbourhood of x in A, fixes pointwise J? x . 
This applies in particular to a u G U a ^ a ^ + for a G Q x or a u G U a _ a i x ^ for a G \ $> x . 

Proof. Bv l5.8l 3 we may suppose x special, hence x = 0. By the above lemma it is sufficient to 
prove that u fixes J?^ '. An element [0, y) of J^ + is in an apartment A containing the chamber 
F = F(0, CJ) and even the sector q = + |Rol2| 5.12.4]; this apartment may be written 

A = g~ 1 A with g G P(c\) and even g G UQ m+ . Now g([0,y)) is in a sector wCJ for some 
w G VF" and we have to prove that gug -1 fixes a neighbourhood of in this sector. 

We argue in U™ aJr (as defined in 15.11 or )Rol2| 4.5.2]). This group may be written as a 
direct product: U^ a+ = U^ a {A+) = (Up e A> U Pfl) x U^ a {A+ \ A where A ' is the finite set 
of positive roots of height < N (with N such that A+ n wA" C A' n $) and U^ a (A + \ A') 
is a normal subgroup. Moreover each Up o is a finite product of sets in bijection with O, 
the neutral element corresponding to (0, • • • ,0) (actually for /3 real, Urq is isomorphic to the 
additive group of O). For g\ G U™ aJr the map sending v G ?7q M+ to the component of g\vg^ 1 
in ri/3eA' ^/9,0j factors through U™ a+ /U™ a (A + \ A') = n/3eA' ^8,0 an d induces a polynomial 
map with coefficients in and without any constant term. 

Now u G U + fl Go = C/q"^ and u fixes (pointwise) a neighbourhood of x in A, hence some 
x' G — CJ. So n G U™ a+ and the component of ti in t/g^ is in the maximal ideal m of O if /3 
is real or in m x • • • x m if /3 is imaginary. By the above property this is also true for gug^ 1 
and gug~ 1 fixes a neighbourhood of in wCJ (as wCJ is fixed by UQ ia (A Jr \ A')). □ 

4) Proposition. (P™ m , (U a ) a £$ x , Zq) is a generating root datum whose associated twin 
buildings have the same chamber sets or twin- apartment sets as ^^ x . 

Moreover G x = G{x).N(x).G y x and U£ m+ C U++.G j x . 

Remarks, a) As the basis of <& x could be infinite the above generating root datum must be 
understood in a more general sense than in 11.41 we should consider the free covering $> x of 
$ x (whose basis is free) which is in one to one correspondence with $ x (cf. jB a96| 4.2.8]) 
and a root datum as in |Re02| 6.2.5]. Another (less precise) possibility is to index the U a by 
subsets of the Weyl group W x , see |Re02| 1.5.1] or |AB08| 8.6.1]. Actually there is no trouble 
in defining the combinatorial twin buildings associated to this generalized root datum; but, 
except for chambers, their facets may not be in one to one correspondence with those of x , 
cf. [RoTTl 5.3.2]. 
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b) We may define the subgroup P x = P™ %n .G j x \ this generalizes the definition given in 
|Rol21 5.14.2], as clearly P x fl N = N™ m . It is the subgroup of G x which preserves the 
"restricted types in x" of the facets F(x,F v ) (i.e. their types as defined in the twin buildings 
J?^ x endowed with their restricted structures). The greater group P x c of |Rol2| 5.14.1] 
preserves the "unrestricted types" of the local facets F l (x,F v ) (i.e. the (vectorial) type of 
F v ). 

c) These results and )Rol2| 4.13.5] suggest that G x = P(x) could perhaps be always equal 
to P(x) = G(x).N(x) = P x nin .N(x) for any x G A (i.e. UE m+ = U+ and U™ m ~ = U x ). On 
the contrary we already said in 14.21 1 that U x m+ or U x is in general different from U x + . 

Proof. By definition for a G <fr x , —a(x) G A hence there is a r G K with w(r) + a(x) = 0, 
so (p a (x a (r)) + a(x) = and the fixed point set of u = x a (r) G U a> _ a ( x ) is D(a, —a(x)). 
Therefore the image of u in U a C G x is non trivial; (RD1) follows. 

(RD2) is a consequence of (RD2) and (V3) in G as U a is trivial when a § x by lemma 
3. (RD3) is useless as <1> is reduced. For (RD4) u G U a \ {1} is the class of an element u G U a 
with (f a (u) = —a(x) (by lemma 3); hence the result follows from 13.11 2. 

An element ~g G Zq.U + DU is the class of an element g G U~ and, up to G^, g fixes 
x + CJ and x — CJ, hence g fixes a neighbourhood of x in A (by convexity) and, by lemma 3, 
g G G j^. So g = 1 and (RD5) is proved. 

The group P™ m is generated by Zq and the U a ^ for a G $ and a(x) + k > 0. So 
the lemma 3 tells that its image P™ %n is generated by Zq and the U a for a £ & x . Hence 
(P x , (Ua)^®^ , Zq) is a generating root datum. We define U as the group generated by 
the U± a for a G Q x (and not the image U x of U x ). 

Let be its associated (combinatorial) twin buildings and C^c its fundamental chambers 
|AB08| 8.81]. The twin apartments of T^ c or J ! ^ L X are both the twin Coxeter complexes 
associated to W x and acts transitively on their four chamber sets. Moreover the chambers 
in (resp. <# x ) sharing with (resp. C = F(x, CJ)) a panel of type r a G W x (for a simple 
in <& x ) are in one to one correspondence with U a by |AB08| 8.56] (resp. U a _ a ^/U a _ a ^ + 
by 14. lie ). By lemma 3 these two groups are isomorphic. So the chamber sets of and ,J? X 
are in one to one correspondence. The same thing is true for the negative buildings. 

The twin apartments in T^ c are permuted transitively by P™ m and the stabilizer of the 
fundamental one is N™ 1 ™ = P x nm fl N. So the twin apartments in T^ c correspond bijectively 
to some apartments of J?^ x . But two chambers in ^^ x correspond to chambers in X ± c , 
hence are in a twin apartment of X^ c and their distance or codistance is the same in or 
■y^ x . As a twin apartment is uniquely determined by a pair of opposite chambers, every twin 
apartment of J^ ± x comes from a twin apartment in X ± c . 

The chambers in X~ opposite are transitively permuted by Zq.U + |AB08| 6.87] hence 
in one to one correspondence with U , as Zq.U ClU = {1} [I.e. 8.76]. In J^ x r the chambers 
opposite C are in a same apartment as the sector x + CJ )Rol2| 5.12.4] hence transitively 
permuted by U x m+ Q4.6I 4). Now the fixator in U x ' rn+ of the chamber F(x, —Cj) is actually 
in G \f x by lemma 3. So the chambers opposite C in J?~ are in one to one correspondence 
with the image U x m+ of U x m+ in G x . Thus L^ m+ = U + . But U + is the image of U x + , 
hence U% m+ _C U+ + .Gy x . As G x = P(x) = U% m+ .U x .N(x) = U% m+ .G(x).N(x) we have 
G x = G(x).N(x), hence G x = G(x).N(x).G :/x . □ 
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6 Hovels and bordered hovels for almost split Kac-Moody groups 

6.1 Situation and goal 

We consider an almost split Kac-Moody group & over a field if, as in section[2j We suppose the 
field if endowed with a non trivial real valuation oj = lok which may be extended functorially 
to all extensions in Sep(K). This condition is satisfied (with uniqueness of the extension) if 
if is complete for ujk (or more generally if (K,uk) is henselian). 

We built in 15.41 a bordered hovel J^((5,L,A) for any L € Sep(K) splitting (5. We want 
a bordered hovel J^(0,if, K A) on which G = ®(if) would act strongly transitively and 
G— equivariant embeddings J?(<3,K, K A) <-»■ J^(0,L,A) for L G Sep(K) splitting (3. 

An idea (already used in the classical case )BrT84| ) is to suppose L/K finite Galois, to 
build an action of the Galois group V = Gal(L / K) over J?{<5, L, A) and to find if, K A) 

in the fixed point set J^((3, L,A) r . As already known in the classical case |Ro77| . the equality 
of these last two objects is in general impossible. 

6.2 Action of the Galois group on the bordered hovel 

1) We consider a finite Galois extension L of if which splits <&. The Galois group T = 
Gal(L/K) acts on J V (L) = J v {<8, L,A V ) and the action of <8(L) on f v (L) is r -equivariant. 
More precisely we suppose L such that there exists a maximal if— split torus S in (5 contained 
in a maximal torus T defined over if and split over L (c/. 12.41 4 and 12. 5p . We described in 
section [2] the fixed point set J? v (L) r , its if —apartments and if— facets. In particular the 
apartment A" = A^T) corresponding to T is stable under F and (A v ) r is the if— apartment 
K A v (&) corresponding to (5. 

We want an action of V on the bordered hovel J^(L) = J^(&, L,A) compatible with its 
action on J? V (L) and the action of &(L). Hence V must permute the apartments and fagades 
of <#{L) as the apartments and facets of J^ V (L). In particular T has to stabilize the bordered 
apartment A = A(T) corresponding to A v i.e. to X. 

2) Action on A: 7 € T must act affmely on A with associated linear action the action 
of 7 on Moreover this action has to be compatible with the action on the root 

groups (Va £ $ l{U a , \) = f^ya.A' => l(D{a, A)) = D(ja, A') ) and we know that the action of 
r on &(L) is compatible with its action on its Lie algebra {^(exp(ke a )) = exp( r y(k) r y(e a )) ). 
Using these results and conditions, C. Charignon succeeds in finding a (unique) good action 
of r on the essentialization A e = A/Vq of A; in particular the action of iV is T— equivariant 
|GhlH 13.2]. As r is finite and acts affmely, it has a fixed point xq + Vo in A e . 

Now r has to fix a point in xq + Vq. But all points in xq + Vq play the same role with 
respect to the conditions; so we may choose a point in xq + Vo, e.g. xq, and say that T fixes 
Xo i.e. that F acts on A as on A^ (after choosing xq as origin). This action is compatible with 
the above action on A e . It permutes the walls, facets, ... and extends clearly to A ( = A , A* 
or A). 

N.B. We had to make a choice to define this action. This is not a surprise: as in the 
classical case, Vo is a group of G— equivariant automorphisms of ^(L). 

3) Lemma. This action ofT on A stabilizes V: ^y(P(x)) = V(^x), Vx G A, V7 € T. 

Proof. By Charignon's work ( 2) above) we know that V stabilizes V. Hence 7 6 V sends V 
to a family Q which is still a very good family of parahorics. So 15.91 1 tells that Q = V . Note 
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that a longer proof may also be given using the star actions instead of 15.91 1. □ 

4) We have got compatible actions of T on G = &(L) and A satisfying the above lemma. As 
J^(L) = L, A) is defined by the formula in 14. 11 we obtain an action of T on this bordered 

hovel, for which the G— action is T—equi variant. Each 7 € T acts as an automorphism: it 
induces a permutation of the apartments, facets, walls, fagades, chimneys, ... and the bijection 
between an apartment and its image is an affine automorphism. 

This action of T on ^(L) is compatible with its action on J? V (L) ( , y(J^F v ) = <^y(F v ) ) an d 
on the sector faces (j(x + F v ) = j(x) + r y(F v ) ) or the chimneys. Moreover the projections on 
the facades are T— equivariant (7 oprp« = pr^^pv^ o 7). These results are first proved (easily) 
for the actions on A and A v , and then extended (easily) to J* . 

As r has fixed points in any T— fixed point in a facade J^j?« C is associated to a 
T— stable sector face x + F v in J^. 



6.3 The descent problem 

In J? we have got an apartment A stable under T. But T is finite and acts affinely so it has 
a fixed point in A and A is an affine space directed by (A^) r . It seems interesting to choose 
A as affine bordered K— apartment and define — &(K).A . Unfortunately we are not 
sure then that A is stable under rN or fixed by jfZ; so this k^" is not a good candidate for 
a bordered hovel associated to the root datum (&(K), (V Ka ) Ka ^ K ^, kZ). 

p A. 

It is possible to find in J? a subspace of apartment kA\ directed by (A ) r and stable 

under k N. But then it is not clear that there exists an apartment A2 in J* containing kA\ 

[ ■ 

and stable under T, or even such that H J* = kA\ |ChlH 13.3]. 

This problem is the same as in the classical case of reductive groups: |BrT72| . |BrT84| . 
[Ro77j. Charignon solves it the same way: under some hypothesis on or K and by a two 
steps descent. 



6.4 The descent theorem of Charignon 

This abstract result is largely inspired by the descent theorem of Bruhat and Tits in the 
classical case |BrT72| 9.2.10]. We explain here the hypotheses and conclusions of |Chll| § 12], 
but, to simplify, we consider a more concrete framework. We keep the notations of loc. cit. 
or we indicate them in brackets when they are too far from ours. We keep our idea to replace 
many Charignon's overrightarrows by an exponent v and to use often an overrightarrow to 
indicate the generated vector spaces. 

1) Vectorial data: We consider a finite Galois extension L/K which splits (5 as in 
16.21 1. So there exists in <& a maximal AT— split torus j^(3 and a maximal torus T split over L 
containing ^6 (we don't ask T to be defined over K). 

We consider the fixed point set 2^ = K ^ vq = {J? vq f of T = Gal(L/K) in 2*" = J vq . 
The group <&{K) (= G^) acts on II By 12. 7[ [2.81 2^ i s a good geometrical representation of 
the combinatorial twin building K Jf vc = J? VC (&,K). 

To K & and 1 correspond apartments A\ = K A vq ( K &) C X ^ included in A vq = A vq (T) C 
I; they are cones in the vector spaces A^ (= v^) included in A vq (= V). The real root 
system (resp. the real relative root system k& = is included in the dual (A vq )* (resp. 
(A$)*) and has a free basis. Its associated vectorial Weyl group is W v = N/T (= W(&)) 



44 



Guy Rousseau 



(resp. K W V = rN/ k Z = W(&)). Here K Z = or K N = is the generic centralizer or 
normalizer in of k&. We write A^ Q = n ag $t] Ker(a). 

We consider also the Weyl-K- apartment = K A vq ( K 6) with A^ C C /4~| and the 
corresponding building X^ = G^.A^ (cf. Eg). As in PH11 we define the facets in ^ or % 

as the traces F^ = n X^ of the Weyl-F- facets F 1 ^ of ,4^ or X\ The same set A\, 
endowed as facets with the non empty traces F^ = F vq fl AJ 1 for F vq a facet in ^P 9 , will be 
written A^. There is a one to one correspondence between facets of A"^ and A^. But a facet 
pA or r« — n contains several facets in A^; among them one F^ is maximal, open 
in F v \ generates the same vector space and F^ + AV = F^ + A% = F^ (cf. E3J. 

The combinatorial twin building K ^± vc is associated to the root datum (&(K), (V K - Q ) Jfa g Jf $, 
kZ) (= (G\ (Ua) a £^i , kZ)). Everything associated as in §H]to this root datum will be written 
with an exponent * or a subscript k- The reader will check easily the conditions (DSR), 
(DDR1),...,(DDR3.2) and (DIV) of [I.e. 12.1], cf. [I.e. 13.4.1]. In particular for a = K a £ $\ 
Ua = V K a is included in the group U a generated by the groups Up for the roots /3 in the 
finite set <f> a = {/3 G $ | £ R + *a} = {/3 € $ | kP = ko. or (^)./<a or 2./<a}. Actually 

U a = n^ G *a ^ for ally OTder 6 - 2 - 5 !- 

2) Affine data: We consider the essential bordered hovel J? = ,J?(®,L,A e ) (= X) and 
A (= A(T)) the bordered apartment associated to A vq whose main fagade A (= A°(T)) is an 
affine space under A^ =V. The fagades of J* are indexed by the facets F v £ JP VC . 

We consider moreover a subset X# in we write A* = A fl X# and suppose: 

(DM1) X # is G^ -stable and, VF" £ S™ h , X # n JV is convex in Jpv. 

(DM2) A # is affine in A, directed by and A n X # is the closure 34~ # of A # in 34. 

(DM3) VF 1 " € J 2 ^, if F 1 ' n A vii ^ 0, there exists a facet F in the (classical) apartment 
Apv with F n X # ^ and F is equal to any facet F' in J F v with F' n X # / and F C F 7 . 

(DM4) A # is stable under K N = N^. 
Axiom (DM3) means essentially that, in appropriate spherical fagades, A n X# cannot be 
enlarged by modifying the apartment A. 

For a £ & and u £ t/a, one defines ip a (u) as the supremum in K U {+00} of the /c such 
that it is in the group U ajk generated by the U a>rak = (p^ 1 ([r a k, +00]) for a £ <3? a , r a £ R + * 
and attyn = r a a. Actually U a>k = H ae ^ a U a ^ ak and U^ k := (^) _1 ([/c, +00]) = t/jj n U a , k . 

There are two more axioms, one normalizing (p (among equipollent valuations, in such a 
way that the associated origin 0^ of A is in Ajt) and one avoiding triviality for each Lp\. They 
are easily verified in our situation [I.e. 13.4.1]. 

As we have three types of vectorial facets in ^ = /4jj, we may define three bordered 

apartments with A&: A^ (resp. a\ A^) is the disjoint union of the fagades A* v = A* /pf 
(resp. A* A = A#/F^, A* v = A*/F^), for F£ (resp. F^, F|) a facet in A% (resp. A v \ 

U ^ L 

Ag). Actually A is the closure of A# in A as in (DM2) above. Moreover the sets A^ and A 
are equal (as F^ = F v ^ when F? = F v ^ f] A^) but they differ by their facets, sectors, ... 

When F 1 ^ D F$ = F v n A\ for F v a (maximal) facet in A v , we have F^ = so 
^4*^ cAp C A. Hence for x € A*^ cl',we may define: Q\x) = P(x) D G^ . 
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This is the same definition as in [I.e. 12.4] as, for us, Fg is uniquely determined by F V K 

3) Theorem. We suppose satisfied all conditions or axioms in 1) or 2) above, then: 

a) K N = C N.P(A*). 

b) Ma e $\ Vu eU^ \ {1} the fixed point set of u in A* is D # {a,ip\(u)) := {x G A* | 
a(x — Op) + (fa(u) > 0} and m\u) € induces on A& the reflection with respect to the wall 
M#(a,<pl(u)) = dD#(a,<pl(u)). 

c) The family yfi is a valuation for the root datum (G\ (Ua) a£ ^, rZ). 

d) The family = {Q\x)) is a very good family of parahorics. 

e) There is an injection of the essential bordered hovel 2^ associated to into J? which 
may be described on the facades as follows: 

For F$ = F v PiAl^ open in F v ^ as above in 2), the k N — equivariant embedding A^, vtl Apv 
between apartment- facades may be extended uniquely in a PK{F v ^) — equivariant embedding 
^ <^F V > w here TL V ^ is the fagade of I associated to F v ^. 

Proof, a), b) c) and a great part of d), e) are among the main results of Charignon [I.e. 12.3, 
12.4]. For he proves (PI) to (P7), but then (P8) is got for free in this framework (cf. 14.31 6) 
and (P10) is clearly satisfied. 

He proves (P9) actually for i.e. for (spherical) vectorial facets in A^: if F 1 '^ is spherical, 

Ff C F^ and x € A* A = Af* (with F^ = F^ n A\ and F£ = F^ n A\) he proves only 

Q\x) n P K (F^) = Q^JTFf). But P K (F^) = P K (F^), F£ + a( q = J23|3) and the 
"torus" Sz in the center of ([2.91 2) acts on A^ as a group (of translations) generating 
A( . So Q\x) n P K {F*) = Q*(U re fx + T + Ff) = Q\x + F^). 

The maps in e) between facades are described in [I.e. 12.5] and proved to be injective in 
the spherical case; but 14.141 gives the general injectivity. □ 

6.5 Tamely quasi-splittable descent 

1) Let © be a maximal K— split torus in the almost split Kac-Moody group <3 over K. The 
generic centralizer 3g(©) of 6 in ([1.101 and 12.51 3) is actually a reductive group defined over 
K |Re02[ 12.5.2]. We suppose satisfied the following condition (independent of the choice of 
6, as different choices are conjugated by 12.51 1). 

(TRQS) 3g(S) becomes quasi-split over a finite tamely ramified Galois extension M of K. 

(Actually 3g(6) is quasi-split over M if and only if & itself is quasi-split. It is an easy 
consequence of 12.71 NB 2) applied to M and a maximal M— split torus containing (3.) 

There are two important cases where this condition is satisfied for any &: when the field 
K is complete (or henselian) for a discrete valuation with perfect residue field (we then may 
replace tamely ramified by unramified, cf. |BrT84[ 5.1.1] or |Ro77[ 5.1.3]) or when the residue 
field of K has characteristic (we then may replace quasi-split by split). 

A consequence of this hypothesis is that there exists a finite Galois extension L of K 
containing M, a maximal K— split torus a maximal M— split torus m© and a maximal 
torus T with T L-split, M-defined and ^6 C M G C 1 |Chll[ 13.4.2]. We shall now apply 
the abstract descent theorem successively to L/M and L/K to build a bordered hovel for <3 
over K. 
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2) Quasi-split descent: We consider the extension L/M, so we apply [6~4| with K = M: 
(8 is quasi-split over K and split over L. Then T = 3j(a:@) is the only maximal torus 
containing ^6. 

We choose the essential bordered hovel J? = J^(0,L,A e ) and set Tjt = . Then the 
bordered apartment A = A (T) is T— stable. The Galois group T has a fixed point in its main 
facade A = A q (T) and A^ = A r = A n 2# is an affine subspace directed by It is 

easy to verify (DM1), (DM2) and also (DM4) (as K N is the normalizer in <8(K) of K &). For 
(DM3) there exists a chamber F in Apv meeting Xjl, so the condition is clearly satisfied. 

Therefore theorem 16.41 3 applies. Actually in the classical case ($ finite) <S(K).A* is the 
extended Bruhat-Tits building of 6 over M cf. |BrT84| or |Ro77| . 

3) General descent: We come back to the situation and notations in 1) above. We still 
choose the essential bordered hovel J? = ~^((S, L, A ) with A = A q . 

The generic centralizer 3g(©) of © = #-© is a A"— defined reductive group generated over 
L by T = T(L) and the groups J7 Q for a € <!>, aq 6 trivial. In particular over L, 3g(©) is 
isomorphic to some &s(l ) an d by 15.81 2 J^(^)g(&),L,A q ) may be embedded in J? . The image 
is the union = ^(3 fl (©), A 9 ) of the apartments of J? corresponding to L— split 
maximal tori of (5 containing ©. This set is stable by Y and Zl(<3) = 3 g (&)(L) or the 
normalizer Nl(&) of © in If we choose a vectorial K— chamber rCq 9 C A^ and let 

-Fq 9 S J? vc (L) be the spherical vectorial facet containing rCq Q , the projection map -tt from 
J^e to is onto and Y x Nl(&)— equivariant; it identifies the essentialization of .J?q with 

In J^g we consider the union J>^ of the apartments corresponding to a torus containing a 
maximal M— split torus m© (containing ©). It is stable by Y k Nl{&) and we saw in 2) above 
that J & = Z M (&).A% = (jford-}Gal{L/M) ig a gQod can( }idate for the hovel of %{&) over M. 
More precisely its image Jfp^i = 7r(^e) m ^i^" 3 is the Bruhat-Tits building of 3#(©) over 
M: it is the set of ordinary Gal (L/M) —invariant points in the Bruhat-Tits building over L 
|Ro77l 2.5.8c]. 

We consider now A* = (jr & )Gal(M/K) = (jrord^T. itg image by n is in ■ ^GalQA , >K) 
But the semi-simple quotient of 3g(©) is K— anisotropic and M/K is tamely ramified, so we 
know that (^ F v q ) Gal ( M I K ) contains at most one point )Ro77| 5.2.1]. Moreover Koen Struyve 
|S11| proved what was missing in |Ro77| (condition (DE) of |BrT84| 5.1.5]): this set is non 
empty (even if the valuation is not discrete). So (& F vq) Gal \ M / K > is reduced to one point xq and 

° — £ 

A# = 7r -1 (2;o) r . But 7r _1 (xo) is an affine space directed by Fq , Y is finite and acts afnnely, 
so A# is a (non empty) affine space directed by (F^) T = ~kCq =A$= We shall apply 
16.41 with A#, A any apartment of containing A# and A its closure in = ^((3, L, A e ). 

We define J = <5{M).f e = <S(M).A% (resp. its closure ~J = &{M).A* { ); it is the set 
of Gal(L/M)— fixed points in the union of the apartments in J? (resp. corresponding to 
a maximal torus containing a maximal M— split torus, itself containing a maximal K— split 
torus. We take Z# = ~^ Gtd ^ M l K > — jp T _ The verification of axioms (DM1) to (DM4) is made 
in Pim 13.4.4]. Actually (DM4) is clear, (DM2) not too difficult and (DM1), (DM3) have 
to be verified in spherical fagades, hence are corollaries of the classical Bruhat-Tits theory. 

4) Conclusion: We keep the notations as in 1); let K_A vq be the K— apartment in 
K^ vq (&) and the real root system associated to ©. Then theorem 16.41 3 gives us a 
valuation x<p = <p* = (K<P K a) K a£ K & 

of the root datum (®(K), (V K a ) Ka e K ®, kZ) (cf. I2~T|) 
and a very good family of parahorics {Pk{ x )) x ^^ ■ The corresponding bordered hovel is 
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written ~J(®,K,~&). 

For K F vq = F v ^ a vectorial Weyl- if -facet and F vq a vectorial facet with F vq n K A vq open 
in K F vq , we have a P K ( K F vq ) -equi variant embedding J(f&, K,~A^) KF v q ^ J?{®, L, A e ) F v q 
between the facades. The image <£>(K).Ap v ^ is pointwise fixed by V. 

Actually the set A^ is the essential bordered apartment associated to and k&, its 
facades are the for F 1 '^ as above. Such a facade A^ v ^ may be identified with the 

closure of A# in A q (Ti)pv q . Moreover A# is the set of Gal(L/K)— fixed points in the union 
of the apartments A q (%) C J?(<3,L, A q ) for T a L— split maximal torus containing a maximal 
M— split torus, itself containing the maximal if— split torus ^6. More precisely for each 
such apartment A q (%), A q {%) fl ^ r is empty or equal to A* (an affine subspace directed by 

kA v (k&\ C A q (z]) and, for each F vq as above, the intersection A q ( c t) fl J ! p vq is empty or 
equal to A r\A q ( r £)pv q (as the arguments in 3) give analogous results in the Gal{L/ K)— stable 
fagades). 

So the image of J?(<5,K, A )npv q in J^((3, L, A e )pv q is the set of Gal(L/K)— fixed points 
in the union of the apartments A q ( c V)pv q c L, A q )pv q for T a L— split maximal torus 

containing a maximal Af — split torus, itself containing a maximal if —split torus. 

6.6 More general relative apartments 

Most of the preceding arguments apply with a more general choice of apartments. We keep 
the hypotheses as in 16.51 1 , but we choose for A one of the model apartments associated to 
(3 and T as in 13.51 1 (i.e. via a commutative extension (p : S — > S' of RGS) or eventually a 
quotient by a subspace Voo of Vo C V = Y' <S> M. We suppose moreover S' endowed with a star 
action of T for which ip is T* — equivariant and Voo T*— stable; cf. remark T2.2I and the choice 
made in 12.41 1. We write A v the corresponding vectorial apartment in A = V/Voo ana - ^ one 
of the three associated bordered apartments. 

The Galois group F acts on ~J(<5,L,A) and J^ u (0, L, A"), cf. IQ 4. These actions 
are compatible with each other, with the (S(L)— actions and the essentialization maps 77 : 
^7(0, L, A) -4 ~J(<8,L,A e ) = ~J, rf : J^ V (&,L,A V ) -)■ ^(0,L,A v «) = J^ 9 . We define 
#A = r/~ 1 ( J 4#) r ; it is an affine space directed by (i^) r = ~kA^ (where Fq = (rf)~ 1 (FQ q ) an d 
A#, F^ q are as in I6.5I 3). The group #-AT acts on #-A, we write vjc this action. 

We choose #-A as model relative apartment. We may suppose kA C A, but then A, as 
apartment in J r (&,L,A), is non necessarily T— stable. We choose in #A a special origin xo 
i.e. its image by rj is the special point in chosen as origin in I6.4I 2 to define the valuation 
K <p = ip^ of (&(K), (V Ka ) Ka( z K < s> re, K Z). For x G kA we define Pr(x) = P(x) D &(K). 

The (real) walls in are the inverse images by rj of the walls in defined in I6.4l 3b. i.e. 
they are described as Mk{kol, K<Pa{u)) = {x G ft; A \ KCt(x — xq) + KVaiu) = 0} for kol G k& 
and u G V KOl \ {1}; their set is written Mk- Note that, even if A = A q is essential, ^-A may 
be inessential (as essentiality does not involve the imaginary walls defined below). 

For a G <3> (resp. a G A), A G Ap = cop(L*), if kol = a| 6 is in k& (resp. if p;a = a| 6 / is 
not in if$), then M^^a, A) is a real (ghost) wall (resp. an imaginary wall); we write Ml/k 
(resp. M l L ^ K ) the set of these walls. So Ml/k U M l L / K is the set of the non trivial traces on 
kA of the real or imaginary walls of A. 

We define the enclosure map cl*^ K as in 13.61 1: it is associated to V = A-A r G (defined 
in 12. 91 3b) and the sets A' Ka = Ap C R i.e. to Ml/k an d a subset of M l L i K . A more natural 
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enclosure map would be cZj£ associated to Mk and the same subset of M-^jk (or a smaller 
one A4 l K ?), but we have not succeeded in using it. 

Proposition 6.7. In the above situation, we have: 

a) The action vk is affine and xN C N.P(kA) C N.kZ. In particular for n G rN , the 
linear map associated to v^in) is v^in) G kW v = kN j kZ . 

b) The group kZ acts on ^A by translations. More precisely for z G kZ , the vector Vk{z) 
of this translation is the class modulo Voo of a vector i>k{z) G V which satisfies the formula: 
Xi(vk(z)) = —ujk{X2{z)), for any xi G X' C V* and \2 in the group X(3) of characters of 
the reductive group "5 g (&) with the condition that X2 o,nd G coincide on (5. 

As X(3) is identified by restriction to a finite index subgroup of X(&), this formula 
determines completely Dk{z) an d vk{z). 

c) For any real relative root k& and u G V K Q \{1} u fixes the half apartment Dk{koc, K^Pa(u)) 
= {x G a'A | Kd(x — xq) + K^aiu) > 0} and ^(^kW) is the reflection r Ka ^ Kipa ^ with 
respect to the wall Mk{kol, Kfa(u)) = dDxiKO, Kfa(u))- 

d) If moreover j^a is non multipliable, mxiu) 2 = kos v ( — 1) and m^-(ti) 4 = 1. 

e) vk{kN) is a semi-direct product of uk(kZ) by a subgroup fixing xq and isomorphic, 
via v v K , to K W V = K N/ K Z. 

f) The action of kN on the closure r/ -1 (A#) r o/^A in A is deduced from its actions on 
K A and K A V : u K (n).pr kF v{x) = pr v -o K ^ KF ^{v K {n).x), for n G K N , x G K A and K F V a 
K-facet in k&" ■ 



N.B. The equations defining kA in A are in Q and correspond (via bar) to the equations 
defining K Y = Y(&) in Y = Y{%) i.e. 6 in X, cf. E3]4 an 1231 2. So the formula in b) 
above defines a vector vk{z) G ^A^ = kA. Moreover vk{z) is in the image of the map 
Y{&) <g> R ^ Y{%) 0t4y-> V/Vqo (analogous to the map in II . 10[) . 

Proof. With the notations as in 12.81 1. let j G K^rei then J = x{j} = Jo U {£ £ J | T*i = j} 
is spherical. So <&s(J) i s a reductive group, containing 3g(©) = ®S(i ) an( ^ defined over K; 
we write 25 j the corresponding K— subgroup-scheme of &. By 15.81 2 the extended Bruhat-Tits 
building ,y(<3j,L,A) embeds in the hovel ^(&,L,A): the way we have chosen A ensures us 
that A is really endowed with the same action of the normalizer of X in &j(L) as in the case 
of an extended Bruhat-Tits building |Ro77| § 2.1]. Moreover the actions of V are compatible. 

As the classical construction of J?((&j,K,A) uses the same methods as in 16.51 above, we 
know that a), b) and c) are satisfied for kN D <8j(K) and = zt^-Oj, ±2kcxj |Ro77| 5.1.2]. 
So b) is completely proved. Now kW v = kN/kZ is generated by simple reflections in 
(kN fl &j(K))/kZ for j G xlre ( as kZ C <3j(K), Vj). So a) is satisfied and also c) as any 
koi G K&re is conjugated by kW v to some ±K°ij or ±2^0j. 

Let KOi and u be as in d); we choose s G &(K S ) such that ft-a(s) = —1. By [BoT65, 7.2 
(2)], niK{u) 2 = nifffiij.s.mjf^)" 1 ^ 1 = r KOt (s).s~ 1 = Kd y {— 1); so d) follows. As xq was 
chosen special, Vi G ifJ re ; £ Vkou \ {1} with Kfaii^i) = hence m^Uj) fixes x$. So the 
subgroup fixing xq in e) is the image by k v of the subgroup of jfJV generated by the mxiui) 
and e) follows from a) and b). 

We know that, for the action v of N on A, v(n).pr F v(x) = pr v vi n \r F v\{y{n).x)\ so f) follows 
from a). □ 
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6.8 Embeddings of bordered apartments 

1) To define the bordered apartment A, we always choose the vectorial Wey\—K— facets 
in K A V (as for in 16.41 2 but differently from 16. 7F ). We still have three choices for #-A (as in 
the general definition 13.71 2): ^A (resp. xA e ) is the disjoint union of the inessential fagades 
K&itpv = if A (resp. the essential fagades k&k F v = K&/ K F V ) for K F v a Weyl—K— facet in 
K A V , and ^-A* differs from xA e only by its main fagade which is inessential. A Wey 1 —K — facet 

K F v contains a unique maximal K— facet K^max which is open in K F v , hence K^max = K F v ■ 
So k&k wv i s equal to i^A 6 Fv . Now the proposition 16. 7f tells us that the action uk of #iV 

■f K -T max 

on #A extends naturally to A (= ^-A e , or ^-A* or if A). 

2) For any choice of A (suitable for (5 and L), we chose a unique kA (inside A for some 
embedding). So it is interesting to define a good choice for #-A for each choice of A. And it 
is natural to choose #-A (resp. ^-A , kA) when A = A (resp. K A , x-A). Then we have a 
kN— equivariant embedding <— > A defined as follows on each fagade: for K F v a vectorial 
Weyl—iC— facet, let F v be the facet in A" containing xFmaxi then K^k F v = A = A F % 
and K A e Kpv = K A/ K FlJ x ^ A e pv = A/P. 

Note that the main fagade does not embed in general in the main fagade when we choose 
kA (as was the case for Charignon, cf. I6.4l 3e). Moreover, if kF v is positive and negative, 
the definition of K^max ma Y include a choice of sign. For example the main fagade k A e of 
kA may embed in Ap v or Ai^„ (they are equal but included separately in A). 

3) For x G jfA, more precisely x G K&Kp v > we define Pk(%) = P(x) D &{K) where x is 
considered in A^J 6 as above. This coincides with the above definition for x G if A and it is 
compatible with the projections: Pk{x) C PxiprK F v(x)). 

Theorem 6.9. We suppose that the Kac-Moody group <5 satisfies the condition (TRQS) of 
16'. 51 and we keep the notations as in \6. 5\ to \6.8[ 

a) The family j^p is a valuation for the root datum (<3(K), (V Ka ) KOl £ K $, kZ). 

b) The family Vk = {Fk{x)) x&k ^ is a very good family of parahorics. 

We write /(0,K,xA) (resp. K, kA)) the corresponding hovel (resp. bordered hovel). 

— ' A 7 * 

c) The family Vk is compatible with the enclosure map cl£, K . In particular ^(<8,K, if A) 

is an ordered affine hovel of type (xA,d^ K ) (without generalization) on which &(K) acts 
strongly transitively. 

d) The k N — equivariant embedding if A A may be extended uniquely in a <3(K) — equivariant 
embedding J^(0, K, if A) ^ J^((S,L,A). Its image is in ^((3, L, A) r . 

e) If the valuation ojk of K is discrete, then if A (or ,JP(<3, K, kA)) is semi-discrete: in 
•J^L/K or the set of walls of given direction is locally finite. 

f) The hovel J*(<8,K, if A) is thick. More precisely the set of chambers adjacent to a 
chamber C along a panel in a wall Mx(^a,fc) with G if$ n on divisible, is in one to one 
correspondence with a finite dimensional vector space over the residue field k of K. 

Definition. K, if A) (resp. J^(S5, K, if A)) is the affine hovel (resp. affine bordered hovel) 

of <3 over K with model apartment A (resp. A). 

Remark. J?((5,K,kA) is the main fagade of J^((S, K, k A) for if A = if A* or if A. By the 
definition of if A in 16.61 and of A# in 16.51 4. the image of ^(<S, K, if A) in J^(6, L, A) is the set 
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of T— fixed points in the union of the apartments A{%) C L, A) for X a L— split maximal 

torus containing a maximal M— split torus, itself containing a maximal if— split torus. 

Proof, a) The family k<P is actually defined by the essentialization of ^ A. So it is a valuation 
by El 3c. 

b) The family V K satisfies clearly to axioms (PI), (P2), (P4), (P5) and (P10). (P3) is 
proved in 16.7b for the main fagade; the result is analogous in the other fagades and the link is 
made by 16. 7f . 

If K F v (x) is spherical, then the corresponding facet F v (as in 16.81 2) is spherical and 
K^Kpv^ embeds in Apv which is an apartment in the Bruhat-Tits building ^((S, L,A)pv for 
the reductive group P(F V )/U(F V ) ~ M(F V ). Moreover k Ak F v {x) is chosen in J?(®,L,A) F v 
as in 16.51 3 i.e. as in the descent theorems of (extended) Bruhat-Tits buildings. So Pk{ x ) is 
generated by kN{x) and the V KOl D Pr( x ) for 6 k& and (P6) is satisfied. 

For x € K^Kpv and K Ff C K F V we write F^ max and F^^ the corresponding maximal 

facets in A ». Then P K (x) n P K ( K F V ) C 6(FT) n P (x) D P{F^ ax ) C <8(iT) n P(x + F^ aa .) C 
0(FT) n P(x + F^ QX n K A V ) = <S(K) n P(x + xi ?1 ') with K F V = F^ ax n K A V C K F°. But 
^F^ + ^A? = K F V and the "torus" S z in the center of <S(K) acts on ^A as a group 

(of translations) generating ^A%; so P K (x) n P K ( K F V ) = Pr^^ x + t + K F V ) = 
P K (x + K F v ) and (P9) is satisfied. 

For x € A and K C V a chamber in K F v (x)*, we have by 16. 41 3d Pr-(x) C Pk(t)x) = 
(Pk(vx) n U( K C v )).(P K (v x ) n U{- k C v )). k N{t]x). We know by construction that P(t/») n 
[/(iC 1 ') = P(x) n J7(±C") (c/. IBTTItolOTl for any chamber C v in F^* (F 1 ' as above) e.g. C v 
containing K C V = K C V n ^A 1 '. So P(r?x) n F^C 1 ') = P(x) n *7(± X C U ) and Pk(t?x) n 
U{± K C V ) C Ffr(x). Hence P#(x) = (P K (x) n C/(^C v )).(F^(x) n U{- K C v )).{P K {x) n 
k N(t]x)) and P^(x) n ^iV = tfiV(x). So (P8) is satisfied. 

In the situation of (P7), let B = {x,pr F -"(x)}. We saw above that Pk(x).kN = 
P K {r,x). K N. So, by ED3d, P K (x). K N n P K { K F V ). K N C P K {r]B). K N. Let K C V be such 
that K F V C X C^, then arguing as in |GR08| 4.3.4] we see that Px{rjB) = [Px(r]B) n 
U( K C V )].[P K ( V B) n U{- K C")]. K N{riB) c [Pk(B) n [/(^)].[P K 0B) n f7(-*C u )]. K iV. So 
(P7) follows. 

c) Let $7 be a non empty filter in ft-Axp. and K C V S K F v (x)*. We consider a chamber 
C" in A" such that k-C" = C v n kA" is open in ^C 1 '. Then P^-(fi) n U K (± K C V ) C 
©(FT) n P(fi) n C/"(±C) C 0(if) n P{cl A (n)) C (S(if) n P(d£* (fi)), where c/ A (ft) (resp. 

c ^L//f(^)) ^ S ^ e enc l°sure of $7 in A (resp. ^A) for the root system A (resp. for 
and Ml/Ki • / ^L/i<')■ ^ e use once m ore the torus <Sz in the center of <&(K): we have 
cl L/K( lJ T& f n + T ) = d L/K"(^)- So n F A '(±xC u ) C P K (cl^(n)). Hence P K is 

compatible with cl*, K and c) is a consequence of 14.121 5. 

d) The existence of a unique P^-^F^)— equivariant map K, kA)k F v — > ^(0, L, A) F v 
extending Ak F v >■ A^« is an easy consequence of the definitions of vk and Px(x): #-iV C 
N.P( K A), n v K = v\ JV " and P x (x) = (8 (if) nP(x). As for|63]3e we conclude with l414l 

e) As iok is discrete and L/K finite, up is discrete. Suppose A a € non divisible, then 
the walls in Ml/k of direction Ker(xa) are the traces of walls in A of direction Ker/3 for 
(3 € $ with = A a or A /3 = 2. A a. There is only a finite number of such j3 and, for each /3, 
A/3 = ujl(L*) is discrete. So the set of these walls of direction Ker(xa) is locally finite. 
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f) We write a = ^-a. By 14, lie this set of chambers is in one to one correspondence with 
Va,k/V ayk+ . Suppose 2a £ K $, then byEU2, V a>k = V a n(Y\ Kl3=a Up, k ) is an O k -module and 
V a ,k+ = V a n (Yl K p =a U/3, k +) an O^-submodule such that m K -V a ,k C V a ,k+- So V a ,k/V a ,k+ is 
a k — vector space of dimension < dim^(V^) = \(a)\. When 2a € we prove, the same way, 
that V at k/V at k+ is a group extension of two k— vector spaces of dimensions at most |(2a)| and 
|(o)|-|(2o)| cf.^ZM To see that V a ^/V 2 a,2k is an O^-submodule of l\ K/3=a Up,k C V a>L /V2 a ,L, 
we may use the coroot (2a) v in Y(&); as a((2a) v ) = 1 the exterior multiplication by K \ {0} 
in Va,L/V2a,L is given by the action of the torus &(K). □ 

6.10 Remarks 

1) The condition (TRQS) is certainly non necessary for the existence of an hovel ^(&, K, kA); 
the existence of this hovel for any almost split Kac-Moody group & (over a complete field) 
seems a reasonable conjecture, as in the classical (= reductive) case. On the contrary the ex- 
istence of a <£>(K)— equivariant embedding of ^{&, K, kA) in ^(<8,L, lA) for any extension 
L/if seems to necessitate (TRQS) or uk discrete. And the functoriality of these embeddings 
seems to necessitate (TRQS). There are counter-examples even in the classical case |Ro77| 
3.5.9 and 3.4.12a]. 

2) As explained in 16.61 the good enclosure map we may expect gives greater enclosures 

*■ /\ r """"" 

than cl^j K . We hope to prove that it is compatible with Vk- 

3) We chose to define the fagades of ^-A and J^(<3, K, if A) using the Weyl—K— facets as in- 
dexing set. This is more natural for the bordered hovel of the root datum (<3(K), (V KOl ) KOl £ K 
kZ) but a definition using K— facets seems richer. This is largely an illusion: 

Let K F V C K A V be a Weyl-AT-facet and K F V (resp. K F^ in , K F^ ax ) be any (resp. 
the minimal, maximal) K— facet in corresponding to K F v and F v (resp. F?L in , F^ ax ) 

the corresponding facet in A": hence K F^ in C K F V C K F^ ax and F%~ CF"C F^ ax . The 
K— facade kA^ fv = 01 KA e pv = rA/kF^ is endowed with a system of relative real roots 
K& m (KF v ) (and even a system of relative almost real roots K^ rm (KF v )) which is independent 
of the choice of kF v . So KA ne f „ and the essentialization of k ^ e K F v d° n °t depend of the choice: 
we have projections maps kA = xA ne p v — > xA e ™ — >• rA c pv — > kA c pv = rA% „ v where 

K r Kr min Kr K max r 

the last term is the essentialization of the first three (actually kF is in general non enclosed, 
as kF v is defined by inequalities involving j^A, and not only or xA r ). 

We saw in 12. 81 3c that the fixator Pk(rF v ) of kF v in <3(K) is independent of the choice 
of kF v . In particular the above maps are ^A D Pk(kF v )— equivariant. Moreover the fix- 
ator of a point x in an apartment is included in the fixator of the image of x in another 
apartment. So we have corresponding projection maps between the facades correspond- 
ing to these A-facets: S(<8, K, k A)k F v ->■ K, K A) K p^ m -)• J^(&, K, k A) kF v -> 
^((5, K, kA) kF £ = J?(&,K, kA e )k F v and the last hovel is the essentialization of the first 
three . 

Hence these hovels are more or less the same and it is not really interesting to include 
all of them in a bordered hovel. Perhaps the only interesting thing to do could be to de- 
fine a fourth bordered apartment kA m associated to #A with k^k^-u = kA ™ and 

J?{<8,K, K A min ) KF0 = J r (®,K, K A) KF ^. n . Then K, K A mm ) coincides with ~J(Q, K, K A e ) 
when <3 is split over K (or if xlre — kI i- e - A" A = A r ) . 

4) The microaffine building of a split Kac-Moody group ©5 over a "local" field is defined 
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in |Ro06| . In its Satake realization [I.e. 4.2.3] it is the union ,y sp f l (&s,K,A e ) of the spherical 
fagades in the essential bordered hovel J^(25,s, .ff, A ). Hence, as explained in this section, 
Charignon proved the existence of such a microaffme building for any almost split Kac-Moody 
group satisfying (TRQS). This building satisfies clearly the functorial properties proved below 
for bordered hovels. 

6.11 Functoriality 

1) Changing the group, commutative extensions: We consider a morphism ip : 25 — >• 
25' between two almost split Kac-Moody groups and we suppose that, over K s , ip = (5^ : 25 5 — > 
25^/ for a commutative extension of RGS <p : S — > S'. This extension is then automatically 
Gal (K s /K)* — equi variant . 

The conditions (TRQS) for 25 and 25' are equivalent: ip induces a bijection between 
the combinatorial vectorial buildings of 25 and 25' over K s )Rol2| 1.10] which is clearly 
Gal(K s / K) — equivariant; so 25 has a Borel subgroup defined over a field M € Sep(K) if 
and only if 25' has one. 

Suppose (TRQS), then 25' and 25 are quasi-split over a tamely ramified finite Galois exten- 
sion M/K and split over a finite Galois extension L/K with L D M. We choose an apartment 
A for 25' as in 16. 8| hence associated to a morphism <pt : S' — > S" of RGS and some Voo in 
V = Y" (g) K compatible with the star action of T = Gal{L / K) associated to 25'. Then the 
same thing is true for p' op and 25. Now the constructions of ^(25, K, ^A) inside J^(25, L, A) 
or of J^(25', K, ^ A) inside J^(25',L,A) are completely parallel. So the ipi— equivariant mor- 
phism ^(tpi, L,A) : L, A) — > J"{&,L,A) of 15.81 1 induces a tpK —equivariant morphism 
S(il>K,K, K A) : S(<&, K, K A) -> ~J(&,K, K A). 

This is functorial (up to the problem that A or A has sometimes to change with 25'). 

2) Changing the group, Levi factors: Suppose that 25 satisfies (TRQS) and let 
M, L, T, • • • be as inl631 

Let and be opposite T— stable vectorial facets in J^(25, L, A v ). They determine 
completely a subgroup M{F V ) in 25 (L) which is T— stable. We write 25' = &fy the corre- 
sponding subgroup-scheme of 25. We know that, over L, 25' is isomorphic to some &suy 

The parabolic subgroup-scheme ?(S(F V ) of 25^ associated to F v is defined over K, hence 
over M, and contains a minimal M— parabolic i.e. a Borel subgroup defined over M. The 
parabolics in ty(F v ) correspond bijectively to the parabolics of its Levi factor 25' and this 
correspondence is T— equivariant as 25' is T— stable. So 25' is quasi-split over M: it satisfies 
(TRQS). 

If A is chosen as in l6.6l for 25, then it satisfies the same conditions for 25' C 25. Here also the 
constructions of the bordered hovels over K inside the bordered hovels over L for 25 and 25' are 
completely parallel. We deduce from 15.81 2 a 25' (K)— equivariant isomorphism of J^(25', K, kA) 
with the facade =-^(25, K, j^AJxpv (where K F v is the Weyl— i'T— facet corresponding to F v ) or 
with S(&,e,K iK A) = <S'(K).( K A) C S(p,K iK A). 

The reader will write the results for bordered hovels analogous to those in 15.81 2. 

3) Changing the field: We asked in !6.1l that the valuation oj = ujk of K may be extended 
functorially to all extensions in Sep(K). We ask also that the almost split Kac-Moody group 
25 satisfies (TRQS), hence is quasi-split over a tamely ramified finite Galois extension M/K 
and split over a finite Galois extension L/K with L D M. 

Let's consider now a field extension i : K ^ K ' in Sep(K). We define in K s , L' = K'L and 
M' = K'M; we write i L : L ^ L'. The extensions L'/K' and L'/M' are Galois, Gal(L'/K') C 
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GaliL/K), Gal{M'/K') C Gal(M/K) and M'/K' is tamely ramified. Moreover & is split on 
L' and quasi-split on M', so (5 satisfies (TRQS) on K'. 

We saw in 15.81 3 that A (with some added walls) is still a suitable apartment for (0,T) 
over L' and there is a <&{L)— equivariant embedding ^(6, i/,, A) : <y((5,L,A) ^-s> L', A). 

This embedding is also Gal{L'/K') -equivariant. Now y(e,K, K A) C J^(0, L, A) Gal ^ L / K ^ 
and J^((S, iC, ^/A) C L', A) Gal ( L '/ K '\ Moreover jf(<3, if, #A) is the union of the apart- 

ments A© = ^(3 g (<5), *5, if, _R"A) for 6 a maximal if— split torus in (5 and 3p(©) its generic 
centralizer, which is a reductive group. By 2) above and |Ro77| 5.12], J?(<$, ii, A)(Ag) = 
^(3 9 (6),U,A)(^(3 9 (6),©,if, K A) C ^(3 9 (©),©,^',^A) C if', j^A). We have 

thus defined a <S (if) -equivariant embedding J^(&,i,A) : J^(<3,K, K A) ^ J^(&, K' , K >A) . 

This is clearly functorial. We leave to the reader the "pleasure" to formulate a result for 
bordered hovels; there is the problem of the choice of the facade of k'A in which embeds a 
fagade of #A. This is easier for the essential spherical fagades i.e. for the microaffine buildings. 

4) Changing the model apartment: Suppose that (25 satisfies (TRQS) and let 
M,L,T, ■■■ be as in [631 

The apartment A is associated to a commutative extension ip : S — > S' of RGS and a 
subspace Vqq of C V = Y' (g> M with the condition that <S' is endowed with a star action of 
r for which <p is T*— equivariant and Vqq T*— stable. 

Now let ip : S' — > S" be a commutative extension of RGS and Vqq a subspace of Vq' C 
V" = Y" (g> K containing VK^o'o)' with the condition that S" is endowed with a star action of 
r for which ip is T* —equivariant and Vqq T*— stable. Then ip' = ip o tp : S — > 5" satisfies the 
above condition and can be used to define a new apartment A' = V" /Vqq. We have an affine 
map ip : A — > A' which is N— equivariant. 

By ESI 4 we get a -equivariant map S(8,L,ip) : J^((3,L,A) -> S(&,L,A'). 
It is T— equivariant and induces a (5 (if)— equivariant map <#{&,K,ip) : K, kA) — > 

,y((3,K,KA') (by the characterization given in remark f6 . 9 1) . 

This construction is functorial and extends clearly to the bordered hovels. 
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